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General solutions of relativistic wave equations are studied in terms of functions on the
Lorentz group. A close relationship between hyperspherical functions and matrix ele-
ments of irreducible representations of the Lorentz group is established. A generalization
of the Gel’fand–Yaglom theory for higher-spin equations is given. A two-dimensional
complex sphere is associated with each point of Minkowski spacetime. The separation
of variables in a general relativistically invariant system is obtained via the hyperspheri-
cal functions defined on the surface of the two-dimensional complex sphere. In virtue of
this the wave functions are represented in the form of series in hyperspherical functions.
Such a description allows one to consider all the physical fields on an equal footing.
General solutions of the Dirac and Weyl equations, and also the Maxwell equations
in the Majorana–Oppenheimer form, are given in terms of functions on the Lorentz
group.

KEY WORDS: relativistic wave equations; Lorentz group; Gel’fand–Yaglom chains;
hyperspherical functions; two-dimensional complex sphere.

1. INTRODUCTION

Traditionally, equations of motion play a basic role in physics. Relativistic
wave equations (RWE) play the same role in quantum field theory. The wave
function (main object of quantum theory) is a solution of RWE. For that reason
all textbooks on quantum field theory began with a brief introduction to RWE. As
a rule, solutions of the Dirac equations are represented by plane-wave solutions
(see for example (Schweber, 1961), and also many other textbooks). However,
the plane-wave solutions are strongly degenerate. These solutions do not contain
parameters of the Lorentz group and weakly reflect a relativistic nature of the wave
function described by the Dirac equations.

In the present paper general solutions of RWE are given in the form of se-
ries of hyperspherical functions. In turn, matrix elements of irreducible repre-
sentations of the Lorentz group are expressed via the hyperspherical functions
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(for more details see recent paper (Varlamov, 2002b)). By this reason the wave
function hardly depends on the parameters of the Lorentz group. Moreover, it
allows to consider solutions of RWE as the functions on the Lorentz group.

A starting point of the research is an isomorphismSL(2,C)∼ complex
(SU(2)), that is, the groupSL(2,C) is a complexification ofSU(2). The well-
known Van der Waerden representation for the Lorentz group (Van der Waerden,
1932) is a direct consequence of this isomorphism.

The following important point of the present research is a generalization of the
Gel’fand–Yaglom formalism. In accordance with the fundamental isomorphism
SL(2,C)∼ complex(SU(2)), a general relativistically invariant system is obtained
as the result of complexification of three-dimensional Gel’fand–Yaglom equations.
Further, a correspondence of the obtained invariant system with four-dimensional
Gel’fand–Yaglom equations is established via the mapping of complexified equa-
tions into a six-dimensional bivector spaceR6 associated with the each point of
the Minkowski spacetimeR1,3.

The following step is a separation of variables in the relativistically invariant
system. At this point, all the variables are parameters of the Lorentz group. The
main tool for separation of variables is a two-dimensional complex sphere (this
sphere was firstly considered by Smorodinsky and Huszar at the study of helicity
states (Smorodinsky and Huszar, 1970)). Hyperspherical functions, defined on the
surface of the two-dimensional complex sphere, allow to separate variables in the
general relativistically invariant system.

Group theoretical description of RWE allows to present all the physical fields
on an equal footing. Namely, all these fields are the functions on the Lorentz
group. For example, in the sections 4–6 solutions of the Dirac, Weyl, and Maxwell
equations, which considered as the particular cases of the general relativistically
invariant system, are represented via the hyperspherical series in terms of the
functions on the Lorentz group.

2. LORENTZ GROUP AND HYPERSPHERICAL FUNCTIONS

2.1. Van der Waerden Representation of the Lorentz Group

Let g→ Tg be an arbitrary linear representation of the proper orthochronous
Lorentz groupG+ and letAi (t)= Tai (t) be an infinitesimal operator corresponded
the rotationai (t)∈G+. Analogously, we haveBi (t)= Tbi (t), wherebi (t)∈G+ is
a hyperbolic rotation. The operatorsAi andBi satisfy the following commutation
relations2:

2DenotingI23=A1, I31=A2, I12=A3, andI01=B1, I02=B2, I03=B3 we acn write the relations (1)
in a more compact from:

[Iµν , Iλρ ] = δµρ Iλρ + δνλIµρ − δνρ Iµλ − δµλIνρ .
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[A1, A2] = A3, [A2, A3] = A1, [A3, A1] = A2,

[B1, B2] = −A3, [B2, B3] = −A1, [B3, B1] = −A2,

[A1, B1] = 0, [A2, B2] = 0, [A3, B3] = 0,

[A1, B2] = B3, [A1, B3] = −B2,

[A2, B3] = B1, [A2, B1] = −B3,

[A3, B1] = B2, [A3, B2] = −B1.


(1)

Let us consider the operators

Xk = 1

2
(Ak + i Bk), Yk = 1

2
(Ak − i Bk), (k = 1, 2, 3). (2)

Using the relations (1) we find that

[X1, X2] = X3, [X2, X3] = X1, [X2, X1] = X2,

[Y1, Y2] = Y3, [Y2, Y3] = Y1, [Y3, Y1] = Y2,

[Xk, Yl ] = 0, (k, l = 1, 2, 3). (3)

Further, taking

X+ = X1+ i X2, X− = X1− i X2,

Y+ = Y1+ i Y2, Y− = Y1− i Y2

}
(4)

we see that in virtue of commutativity of the relations (3) a space of an irreducible
finite-dimensional representation of the groupG+ can be stretched on the totality
of (2l + 1)(2̇l + 1) basis vectors|l , m; l̇ , ṁ〉, wherel , m, l̇ , ṁ are integer or half-
integer numbers,−l ≤m≤ l ,−l̇ ≤ ṁ≤ l̇ . Therefore,

X−|l , m; l̇ , ṁ〉 =
√

(l̇ + ṁ)(l̇ − ṁ+ 1)|l , m; l̇ , ṁ− 1〉(ṁ > −l̇ ),

X+|l , m; l̇ , ṁ〉 =
√

(l̇ − ṁ)(l̇ + ṁ+ 1)|l , m; l̇ , ṁ+ 1〉(ṁ < l̇ ),

X3|l , m; l̇ , ṁ〉 = ṁ|l , m; l̇ , ṁ〉,
Y−|l , m; l̇ , ṁ〉 =

√
(l +m)(l −m+ 1)|l , m− 1; l̇ , ṁ〉(ṁ > −l ),

Y+|l , m; l̇ , ṁ〉 =
√

(l −m)(l +m+ 1)|l , m+ 1; l̇ , ṁ〉(m < l ),

Y3|l , m; l̇ , ṁ〉 = m|l , m; l̇ , ṁ〉. (5)

From the relations (3) it follows that each of the sets of infinitisimal operatorsX and
Y generates the groupSU(2) and these two groups commute with each other. Thus,
from the relations (3) and (5) it follows that the groupG+, in essence, is equivalent
to the groupSU(2)⊗ SU(2). In contrast to the Gel’fand–Naimark representation
for the Lorentz group (Gel’fandet al., 1963; Naimark, 1964) which does not find
a broad application in physics, a representation (5) is a most useful in theoretical
physics (see, for example, Akhiezer and Berestetskii, 1965; Rumer and Fet, 1977;
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Ryder, 1985; Schweber, 1961). This representation for the Lorentz group was
firstly given by Van der Waerden in his brilliant book (Ven der Waerden, 1932).

As known, a double covering of the proper orthochronous Lorentz groupG+,
the groupSL(2,C), is isomorphic to the Clifford–Lipschitz groupSpin+(1, 3),
which, in its turn, is fully defined within a biquaternion algebraC2, since

Spin+(1, 3)'
{(
α β

γ δ

)
∈ C : det=

(
α β

γ δ

)
= 1

}
= SL(2,C).

Thus, a fundamental representation of the groupG+ is realized in a spinspace
S2. The spinspaceS2 is a complexification of the minimal left ideal of the algebra
C2: S2=C⊗ I2,0=C⊗C`2,0e20 orS2=C⊗ I1,1=C⊗C`1,1e11 (C⊗ I0,2= C⊗
C`0,2e02), whereC`p,q(p+q= 2) is a real subalgebra ofC2, I p,q is the minimal
left ideal of the algebraC`p,q, epq is a primitive idempotent.

Further, let
∗
C2 be the biquaternion algebra, in which all the coefficients are

complex conjugate to the coefficients of the algebraC2. The algebra
∗
C2 is obtained

from C2 under action of the automorphismA→A? (involution) or the antiauto-
morphismA→ Ã (reversal), whereA∈C2 (see (Varlamov, 1999, 2001)). Let us
compose a tensor product ofk algebrasC2 andr algebras

∗
C2:

C2⊗ C2⊗ · · · ⊗ C2⊗ ∗
C2⊗ ∗

C2⊗ · · · ⊗ ∗
C2 ' ∗

C2k ⊗ ∗
C2r . (6)

The tensor product (6) induces a spinspace

S2⊗ S2⊗ · · · ⊗ S2⊗ Ṡ2⊗ Ṡ2⊗ · · · ⊗ Ṡ2 = S2k+r (7)

with “vectors” (spintensors) of the form

ξα1α2···αkα̇1α̇2···α̇r =
∑

ξα1 ⊗ ξα2 ⊗ · · · ⊗ ξαk ⊗ ξ α̇1 ⊗ ξ α̇2 ⊗ · · · ⊗ ξ α̇r . (8)

The full representation spaceS2k+r contains both symmetric and antisymmetric
spintensors (8). Usually, at the definition of irreducible finite-dimensional repre-
sentations of the Lorentz group physicists confined to a subspace of symmetric
spintensors Sym(k, r )⊂ Sk+r

2 . Dimension of Sym(k, r ) is equal to (k+ 1)(r + 1) or
(2l + 1)(2l ′ + 1) atl = k

2, l ′ = r
2. It is easy to see that the space Sym(k, r ) is a space

of Van der Waerden representation (5). The space Sym(k, r ) can be considered as
a space of polynomials

p(z0, z1, z̄0, z̄1) =
∑

(α1,···,αk )
(α̇1,···,α̇r )

1

k!r !
aα1···αkα̇1···α̇r zα1 · · · zαk z̄α̇1 · · · z̄α̇r (αi , α̇i = 0, 1),

(9)
where the numbersaα1···αkα̇1···α̇r are unaffected at the permutations of indices.

The infinitesimal operatorsAi , defined on the symmetric representation
spaces, have the form

A1 = − i

2
αl

mξm−1− i

2
αl

m+1ξm+1,
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A2 = 1

2
αl

mξm−1− 1

2
αl

m+1ξm+1,

A3 = −imξm, (10)

where

αl
m =

√
(l +m)(l −m+ 1),

andξi are vectors of a canonical basis in the representation space. Or, in the matrix
notation:

A j
1 = −

i

2



0 α−l j+1 0 · · · 0 0

α−l j+1 0 α−l j+2 · · · 0 0

0 α−l j+2 0 · · · 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 · · · 0 αl j

0 0 0 · · · αl j 0


(11)

A j
2 =

1

2



0 α−l j+1 0 · · · 0 0

−α−l j+1 0 α−l j+2 · · · 0 0

0 α−l j+2 0 · · · 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 · · · 0 αl j

0 0 0 · · · −αl j 0


(12)

A j
3 =



i l j 0 0 · · · 0 0

0 i (l j − 1) 0 · · · 0 0

0 0 i (l j − 2) · · · 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 · · · −i (l j − 1) 0

0 0 0 · · · 0 − j l j


(13)

Further, for the operatorsBi = i Ai we have

B1 = 1

2
αl

mξm−1+ 1

2
αl

m+1ξm+1,

B2 = i

2
αl

mξm−1− i

2
αl

m+1ξm+1,

B3 = mξm. (14)
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Analogously, infinitesimal operators for conjugate representations, in dual repre-
sentation spaces, are defined by following formulae

Ã1 = i

2
αl

mξm−1+ i

2
αl

m+1ξm+1,

Ã2 = −1

2
αl

mξm−1+ 1

2
αl

m+1ξm+1,

Ã3 = imξm, (15)

B̃1 = −1

2
αl

mξm−1− 1

2
αl

m+1ξm+1,

B̃2 = − i

2
αl

mξm−1+ i

2
αl

m+1ξm+1,

B̃3 = −mξm. (16)

2.2. Matrix Elements of SU(2) and SL(2,C)

One-parameter subgroups ofSU(2) are defined by the matrices

a1(t) =
(

cos t
2 i sin t

2

i sin t
2 cos t

2

)
,

a2(t) =
(

cos t
2 − sin t

2

sin t
2 cos t

2

)
, a3(t) =

(
e

it
2 0

0 e−
i t
2

)
. (17)

An arbitrary matrixu∈ SU(2) written via Euler angles has a form

u =
(
α β

−∗β ∗
α

)
=
(

cosθ2e
i (ϕ+ψ)

2 i sin θ
2e

i (ϕ−ψ)
2

i sin θ
2e

i (ψ−ϕ)
2 cosθ2e−

i (ϕ+ψ)
2

)
, (18)

where 0≤ϕ < 2π , 0< θ < π , −2π ≤ψ < 2π , det u= 1. Hence it follows that
|α| =
cosθ2, and|β| = sin θ

2 and

cosθ = 2|α|2− 1, (19)

eiϕ = − αβi

|α||β| , (20)

e
iϕ
2 = αe−

iϕ
2

|α| (21)
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Diagonal matrices (
e

iϕ
2 0

0 e−
iϕ
2

)
form one-parameter subgroup in the groupSU(2). Therefore, each matrixu∈
SU(2) belongs to a bilateral adjacency class contained the matrix(

cosθ2 i sin θ
2

i sin θ
2 cosθ2

)
.

The matrix elementt l
mn= e−i (mϕ+nψ)〈Tl (θ )ψn, ψm〉 of the groupSU(2) in the poly-

nomial basis

ψn(ζ ) = ζ l−n

√
0(l − n+ 1)0(l + n+ 1)

− l ≤ n ≤ l ,

where

Tl (θ )ψ(ζ ) =
(

i sin
θ

2
ζ + cos

θ

2

)2l

ψ

(
cosθ2ζ + i sin θ

2

i sin θ
2ζ + cosθ2

)
,

has a form

t l
mn(g) = e−i (mϕ+nψ)〈Tl (θ )ψn, ψm〉

= e−i (mϕ+nψ)〈Tl (θ )ζ l−nζ l−m〉√
0(l −m+ 1)0(l +m+ 1)0(l − n+ 1)0(l + n+ 1)

= e−i (mϕ+nψ)i m−n
√
0(l −m+ 1)0(l +m+ 1)0(l − n+ 1)0(l + n+ 1)

× cos2l θ

2
tanm−n θ

2

min(l−n,l+n)∑
j=max(0,n−m)

× i 2 j tan2 j θ
2

0( j + 1)0(l −m− j + 1)0(l + n− j + 1)0(m− n+ j + 1)
. (22)

Further, using the formula

2F1

α, β

z

γ

 = 0(γ )

0(α)0(β)

∑
k≥0

0(α + k)0(β + k)

0(γ + k)

zk

k!
(23)

t l
mn(g) = i m−n e−i (mϕ+nψ)

0(m− n+ 1)

√
0(l +m+ 1)0(l − n+ 1)

0(l −m+ 1)0(l + n+ 1)

× cos2l θ

2
tanm−n θ

22
F1
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×
(

m− l + 1, 1− l − n

m− n+ 1 i 2 tan2 θ
2

)
, (24)

wherem≥ n. At m < n in the right part of (24) it needs to replacem andn by−m
and−n, respectively. Sincel , m, andn are finite numbers, then the hypergeometric
series is interrupted.

Further, replacing in the one-parameter subgroups (17) the parametert by
−it we obtain

b1(t) =
(

cosht
2 sinh t

2

sinh t
2 cosht

2

)
, b2(t) =

(
cosht

2 i sinh t
2

−i sinh t
2 cosht

2

)
,

b3(t) =
(

e
t
2 0

0 e−
t
2

)
. (25)

These subgroups correspond to hyperbolic rotations.
The groupSL(2,C) of all complex matrices(

α β

γ δ

)
of 2nd order with the determinantαδ − γβ = 1, is acomplexificationof the group
SU(2). The groupSU(2) is one of the real forms ofSL(2,C). The transition from
SU(2) to SL(2, C) is realized via the complexification of three real parameters
ϕ, θ , ψ (Euler angles). Letθc = θ − i τ, ϕc = ϕ − iε;ψc = ψ − i ε be complex
Euler angles, where

0 ≤ Reθc = θ ≤ π, −∞ < Imθc = τ < +∞,

0 ≤ Reϕc = ϕ < 2π, −∞ < Imϕc = ε < +∞,

−2π ≤ Reψc = ψ < 2π, −∞ < Imψc = ε < +∞.
Replacing in (18) the anglesϕ, θ , ψ by the complex anglesϕc, θc, ψc we come
to the following matrix

g =
(

cosθ
c

2 e
i (ϕc+ψc)

2 i sin θc

2 e
i (ϕc−ψc)

2

i sin θc

2 e
i (ψc−ϕc)

2 cosθ
c

2 e−
i (ϕc+ψc)

2

)

=
([

cosθ2 coshτ2 + i sin θ
2 sinh τ2

]
e
ε+ε+i (ϕ+ψ)

2[
cosθ2 sinh τ2 + i sin θ

2 coshτ2
]

e
ε−ε+i (ϕ+ψ)

2[
cosθ2 sinh τ2 + i sin θ

2 coshτ2
]

e
ε−ε+i (ϕ−ψ)

2[
cosθ2 coshτ2 + i sin θ

2 sinh τ2
]

e
−ε−ε−i (ϕ+ψ)

2

)
, (26)
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since

cos
1

2
(θ − i τ ) = cos

θ

2
cosh

τ

2
+ i sin

θ

2
sinh

τ

2
, and sinh

1

2
(θ − i τ )

= sin
θ

2
cosh

τ

2
− i cos

θ

2
sinh

τ

2
.

It is easy to verify that the matrix (26) coincides with a matrix of the fundamental
representation of the groupSL(2,C) (in Euler parametrization):

g(ϕ, ε, θ , τ, ψ, ε) =
(

ei ϕ2 0

0 e−i ϕ2

)(
e
ε
2 0

0 e−
ε
2

)(
cosθ2 i sin θ

2

i sin θ
2 cosθ2

)

×
(

coshτ2 sinh τ2
sinh τ2 coshτ2

)(
ei ψ2 0

0 e−i ψ2

)(
e
ε
2 0

0 e−
ε
2

)
. (27)

The matrix elementt l
mn= e−m(ε+iϕ)−n(ε+iψ)〈Ti (θ , τ )ψλ, ψλ〉 of the finite-

dimensional representation ofSL(2,C) at l = l̇ in the polynomial basis

ψλ(ζ, ζ̄ ) = ζ l−nζ̄ l−m

√
0(l − n+ 1)0(l + n+ 1)0(l −m+ 1)0(l +m+ 1)

has a form

t l
mn(g) = e−m(ε+iϕ)−n(ε+iψ) Zl

mn= e−m(ε+ϕ)−n(ε+iψ)

×
l∑

k=−l

i m−k
√
0(l −m+ 1)0(l +m+ 1)0(l − k+ 1)0(l + k+ 1)

× cos2l θ

2
tanm−k θ

2

×
min(l−m,l+k)∑
j=max(0,k−m)

i 2 j tan2 j θ
2

0( j + 1)0(l −m− j + 1)0(l + k− j + 1)0(m− k+ j + 1)

×
√
0(l − n+ 1)0(l + n+ 1)0(l − k+ 1)0(l + k+ 1) cosh2l τ

2
tanhn−k τ

2

×
min(l−n,l+k)∑
s=max(0,k−n)

tanh2s τ
2

0(s+ 1)0(l − n− s+ 1)0(l + k− s+ 1)0(n− k+ s+ 1)
.

(28)
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We will call the functionsZl
mn in (28) ashyperspherical functions. Using (23) we

can write the hyperspherical functionsZl
mn via the hypergeometric

series:

Zl
mn = cos2l θ

2
cosh2l τ

2

l∑
k=−l

i m−k tanm−k θ

2
tanhn−k τ

2

× 2F1

(
m− l + 1, 1− l − k i 2 tan2 θ

2
m− k+ 1

)
× 2F1

(
n− l + 1, 1− l − k tanh2 τ

2
n− k+ 1

)
. (29)

Therefore, matrix elements can be expressed by means of the function (a gener-
alized hyperspherical function)

M
l
mn(g) = e−m(ε+iϕ) Zl

mne
−n(ε+iψ), (30)

where

Zl
mn =

l∑
k=−l

Pl
mk(cosθ )Pl

kn(coshτ ), (31)

here Pl
mn(cosθ ) is a generalized spherical function on the groupSU(2) (see

Gel’fand et al., 1963), andBl
mn is an analog of the generalized spherical func-

tion for the groupQU(2) (so-called Jacobi function (Vilenkin, 1968)).QU(2) is a
group of quasiunitary unimodular matrices of second order. As well as the group
SU(2), the groupQU(2) is one of the real forms ofSL(2,C) (QU(2) is noncompact).

Infinitesimal operators of the groupG+ can be expressed via the Euler angles
as follows (for detailed deriving of these formulae see (Varlamov, 2002b))

A1 = cosψc ∂

∂θ
+ sinψc

sinθc

∂

∂ϕ
− cotθc sinψc ∂

∂ψ
, (32)

A2 = − sinψc ∂

∂θ
+ cosψc

sinθc

∂

∂ϕ
− cotθc cosψc ∂

∂ψ
, (33)

A3 = ∂

∂ψ
, (34)

B1 = cosψc ∂

∂τ
+ sinψc

sinθc

∂

∂ε
− cotθc sinψc ∂

∂ε
, (35)

B2 = − sinψc ∂

∂τ
+ cosψc

sinθc

∂

∂ε
− cotθc cosψc ∂

∂ε
, (36)

B3 = ∂

∂ε
. (37)
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It is easy to verify that operatorsAi , Bi , defined by the formulae (32)–(37), are
satisfy the commutation relations (1).

2.3. Casimir Operators and Differential Equations
for Hyperspherical Functions

Taking into account the expressions (32)–(37), we can write the operators (2)
in the form

X1 = cosψc ∂

∂θc
+ sinψc

sinθc

∂

∂ϕc
− cotθc sinψc ∂

∂ψc
, (38)

X2 = − sinψc ∂

∂θc
+ cosψc

sinθc

∂

∂$ c
− cotθc cosψc ∂

∂ψc
, (39)

X3 = ∂

∂ψc
, (40)

Y1 = cosψ̇c ∂

∂θ̇c
+ sinψ̇c

sinθ̇c

∂

∂ϕ̇c
− cotθ̇c sinψ̇c ∂

∂ψ̇c
, (41)

Y2 = − sinψ̇c ∂

∂θ̇c
+ cosψ̇c

sinθ̇c

∂

∂ϕ̇c
− cotθ̇c cosψ̇c ∂

∂ψ̇c
, (42)

Y3 = ∂

∂ψ̇c
, (43)

where

∂

∂θc
= 1

2

(
∂

∂θ
+ i

∂

∂τ

)
,

∂

∂ϕ2
= 1

2

(
∂

∂ϕ
+ i

∂

∂ε

)
,

∂

∂ψc
= 1

2

(
∂

∂ψ
+ i

∂

∂ε

)
,

∂

∂θ̇c
= 1

2

(
∂

∂θ
− i

∂

∂τ

)
,

∂

∂ϕ̇2
= 1

2

(
∂

∂ϕ
− i

∂

∂ε

)
,

∂

∂ψ̇c
= 1

2

(
∂

∂ψ
− i

∂

∂ε

)
,

As known, for the Lorentz group there are two independent Casimir operators

X2 = X2
1+ X2

2+ X2
3 =

1

4
(A2− B2+ 2i AB),

Y2 = Y2
1+ Y2

2+ Y2
3 =

1

4
(A2− B2+ 2i AB). (44)
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Substituting (38)–(43) into (44) we obtain in Euler parametrization for the Casimir
operators the following expressions

X2 = ∂2

∂θc2
+ cotθc ∂

∂θc
+ 1

sin2 θc

[
∂2

∂ϕc2
− 2 cosθc ∂

∂ϕc

∂

∂ψc
+ ∂2

∂ψc2

]
,

Y2 = ∂2

∂θ̇c2
+ cotθ̇c ∂

∂θ̇c
+ 1

sin2 θ̇c

[
∂2

∂ϕ̇c2
− 2 cosθ̇c ∂

∂ϕ̇c

∂

∂ψ̇c
+ ∂2

∂ψ̇c2

]
. (45)

Matrix elements of unitary irreducible representations of the Lorentz group are
eigenfunctions of the operators (45):

[X2+ l (l + 1)]Ml
mn(ϕ

c, θc, ψc) = 0,

[Y2+ l̇ (l̇ + 1)]Ml̇
ṁṅ(ϕ̇c, θ̇c, ψ̇c) = 0, (46)

where

M
l
mn(ϕ

c, θc, ψc) = e−i (mϕc+nψc)Zl
mn(θ

c),

M
i
ṁṅ(ϕ̇c, θ̇c, ψ̇c) = e−i (ṁϕ̇c+ṅϕ̇c)Zi

ṁṅ(θ̇c). (47)

Substituting the hyperspherical functions (47) into (46) and taking into account
the operators (45) we obtain[

d2

dθc2
+ cotθc d

dθc
− m2+ n2− 2mncosθc

sin2 θc
+ l (l + 1)

]
Zl

mn(θ
c) = 0,[

d2

dθ̇c2
+ cotθ̇c d

dθ̇c
− ṁ2+ ṅ2− 2ṁṅ cosθ̇c

sin2 θ̇c
+ l̇ (l̇ + 1)

]
Zl̇

ṁṅ(θ̇c) = 0.

Finally, after substitutionsz= cosθc and
∗
z= cosθ̇c we come to the following

differential equations[
(1− z2)

d2

dz2
− 2z

d

dz
− m2+ n2− 3mnz

1− z2
+ l (l + 1)

]
Zl

mn(arc cosz) = 0,

[
(1− ∗

z
2
)

d2

d
∗
z

2 − 2
∗
z

d

d
∗
z
− ṁ2+ ṅ2− 3ṁṅ

∗
z

1− ∗
z

2 + l̇ (l̇ + 1)

]
Zl̇

ṁṅ(arc cos
∗
z) = 0.

2.4. Recurrence Relations Between Hyperspherical Functions

Between generalized hyperspherical functionsM
l
mn (and also the hyperspher-

ical functionsZl
mn) there exists a wide variety of recurrence relations. Part of them

relates the hyperspherical functions of one and the same order (with identicall ),
other part relates the functions of different orders (for more details see (Varlamov,
2002b)).
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In virtue of the Van der Waerden representation (5) the recurrence formulae for
the hyperspherical functions of one and the same order follow from the equalities

X−Ṁ
l
mn = α̇nṀ

l
m,n− 1, X+Ṁ

l
mn = α̇n+ 1Ṁ

l
m,n+ 1, (48)

Y−Ml
mn = αnM

l
m,n− 1, Y+Ml

mn = αn+ 1M
l
m,n+ 1, (49)

where

α̇n =
√

(l̇ + ṅ)(l̇ − ṅ+ 1), αn =
√

(l + n)(l − n+ 1)

Using the formulae (32), (33), (35), and (36) we obtain

X+ = e−iψc

2

[
∂

∂θ
+ i

sinθc

∂

∂ϕ
− i cotθc ∂

∂ψ
+ i

∂

∂τ
− 1

sinθc

∂

∂ε
+ cotθc ∂

∂ε

]
,

(50)

X− = e−iψc

2

[
∂

∂θ
− i

sinθc

∂

∂ϕ
+ i cotθc ∂

∂ψ
+ i

∂

∂τ
+ 1

sinθc

∂

∂ε
− cotθc ∂

∂ε

]
,

(51)

Y+ = e−iψc

2

[
∂

∂θ
+ i

sinθc

∂

∂ϕ
− i cotθc ∂

∂ψ
− i

∂

∂τ
+ 1

sinθc

∂

∂ε
− cotθc ∂

∂ε

]
,

(52)

Y− = e−iψc

2

[
∂

∂θ
− i

sinθc

∂

∂ϕ
+ i cotθc ∂

∂ψ
− i

∂

∂τ
− 1

sinθc

∂

∂ε
+ cotθc ∂

∂ε

]
.

(53)

Further, substituting the functionMl
mn= e−m(ε−ϕ) Zl

mn(θ , τ )e−n(ε− iψ) into the re-
lations (48) and taking into account the operators (50) and (51) we find that

∂ Żl
mn

∂θ
+ i

∂ Żl
mn

∂τ
− 2(m− n cosθc)

sinθc
Ż

l
mn = 2α′nŻ

l
m,n− 1, (54)

∂ Żl
mn

∂θ
+ i

∂ Żl
mn

∂τ
+ 2(m− n cosθc)

sinθc
Ż

l
mn = 2α′n+ 1Ż

l
m,n+ 1. (55)

Since the functionṡZl
mn(θ , τ ) are symmetric, that iṡZl

mn(θ , τ )= Żl
nm(θ , τ ), then

substitutingŻl
nm(θ , τ ) in lieu of Żl

mn into the formulae (54) and (55) and replacing
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m by n, andn by m, we obtain

∂Zl
mn

∂θ
+ i

∂Zl
mn

∂τ
− 2(n−mcosθc)

sinθc
Zl

mn = 2α′mZl
m− 1,n, (56)

∂Zl
mn

∂θ
+ i

∂Zl
mn

∂τ
+ 2(n−mcosθc)

sinθc
Zl

mn = 2α′m+ 1Zl
m+ 1,n. (57)

Analogously, for the relations (49) we have

∂ Żl
mn

∂θ
− i

∂Ż
l
mn

∂τ
+ 2(n−mcosθc)

sinθc
Ż

l
mn = 2αmŻ

l
m− 1,n, (58)

∂Ż
l
mn

∂θ
− i

∂Ż
l
mn

∂τ
− 2(n−mcosθc)

sinθc
Ż

l
mn = 2αm+ 1Ż

l
m+ 1,n. (59)

3. TWO-DIMENSIONAL COMPLEX SPHERE AND SEPARATION
OF VARIABLES

3.1. Generalized Gel’fand–Yaglom Equations

In the three-dimensional Euclidear spaceR3 the functionsψ1(x1, x2, x3),
ψ2(x1, x2, x3), . . . , ψN(x1, x2, x3) satisfy the following system of invariant (under
action of the groupSU(2)) equations (Gel’fandet al., 1963):

3∑
i = 1

Li
∂ψ

∂xi
+ κψ = 0, (60)

whereLi aren-dimensional matrices andκ is a number. Follows to the general
group complexificationSL(2, C)∼ complex(SU(2)) let us introduce a complex
analog of the equations (60) in the three-dimensional complex spaceC3:

3∑
i = 1

3i
∂ψ

∂xi
− i

3∑
i = 1

3i
∂ψ

∂x∗i
+ κcψ = 0,

3∑
i = 1

3∗i
∂ψ̇

∂ x̃i
+ i

3∑
i = 1

3∗i
∂ψ̇

∂ x̃∗i
+ κ̇cψ̇ = 0, (61)

where3i ,3∗i aren-dimensional matrices andκc is a complex number. We will
call these equations asgeneralized Gel’fand-Yaglom equations.
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The elements of the matrices3i ,3∗i are

31 :



aκ
′κ

l − 1,l ,m− 1,m = −cl − 1,l

2

√
(l +m)(l +m− 1),

aκ
′κ

l ,l ,m− 1,m = cll

2

√
(l +m)(l −m+ 1),

aκ
′κ

l + 1,l ,m− 1,m = cl + 1,l

2

√
(l −m+ 1)(l −m+ 2),

aκ
′κ

l − 1,l ,m+ 1,m = cl − 1,l

2

√
(l −m)(l −m− 1),

aκ
′κ

l ,l ,m+ 1,m = cll

2

√
(l +m+ 1)(l −m),

aκ
′κ

l + 1,l ,m+ 1,m = −cl + 1,l

2

√
(l +m+ 1)(l +m+ 2).

(62)

32 :



bκ
′κ

l − 1,l ,m− 1,m = − icl − 1,l

2

√
(l +m)(l +m− 1),

bκ
′κ

l ,l ,m− 1,m = icll

2

√
(l +m)(l −m+ 1),

bκ
′κ

l + 1,l ,m− 1,m = icl + 1,l

2

√
(l −m+ 1)(l −m+ 2),

bκ
′κ

l − 1,l ,m+ 1,m = − icl − 1,l

2

√
(l −m)(l −m− 1),

bκ
′κ

l ,l ,m+ 1,m = − icll

2

√
(l +m+ 1)(l −m),

bκ
′κ

l + 1,l ,m+ 1,m = icl + 1,l

2

√
(l +m+ 1)(l +m+ 2).

(63)

33 :


cκ
′κ

l − 1,l ,m = cκ
′κ

l − 1,l

√
l 2−m2,

cκ
′κ

l ,l ,m = cκ
′κ

ll m,

cκ
′κ

l + 1,l ,m = cκ
′κ

l + 1,l

√
(l + 1)2−m2.

(64)

3∗1 :



dk̇′k̇
l̇−1,l̇ ,ṁ−1,ṁ

= − cl̇−1,l̇

2

√
(l̇ + ṁ)(l̇ − ṁ− 1),

dk̇′k̇
l̇ ,l̇ ,ṁ−1,ṁ

= cl̇ l̇
2

√
(l̇ + ṁ)(l̇ − ṁ+ 1),

dk̇′k̇
l̇−1,l̇ ,ṁ−1,ṁ

= cl̇+1,l̇

2

√
(l̇ − ṁ+ 1)(̇l − ṁ+ 2),

dk̇′k̇
l̇−1,l̇ ,ṁ+1,ṁ

= cl̇−1,l̇

2

√
(l̇ − ṁ)(l̇ − ṁ− 1),

dk̇′k̇
l̇ ,l̇ ,ṁ+1,ṁ

= cl̇ l̇
2

√
(l̇ + ṁ)(l̇ − ṁ),

dk̇′k̇
l̇+1,l̇ ,ṁ+1,ṁ

= − cl̇+1,l̇

2

√
(l̇ + ṁ+ 1)(̇l + ṁ+ 2).

(65)
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3∗2 :



ek̇′k̇
l̇−1,l̇ ,ṁ−1,ṁ

= − icl̇−1,l̇

2

√
(l̇ + ṁ)(l̇ − ṁ− 1),

ek̇′k̇
l̇ ,l̇ ,ṁ−1,ṁ

= icl̇ l̇
2

√
(l̇ + ṁ)(l̇ − ṁ+ 1),

ek̇′k̇
l̇+1,l̇ ,ṁ−1,ṁ

= icl̇+1,l̇

2

√
(l̇ − ṁ+ 1)(̇l − ṁ+ 2),

ek̇′k̇
l̇−1,l̇ ,ṁ+1,ṁ

= −icl̇−1,l̇

2

√
(l̇ − ṁ)(l̇ − ṁ− 1),

ek̇′k̇
l̇ ,l̇ ,ṁ+1,ṁ

= −icl̇ l̇
2

√
(l̇ + ṁ+ 1)(̇l − ṁ),

ek̇′k̇
l̇+1,l̇ ,ṁ+1,ṁ

= − icl̇+1,l̇

2

√
(l̇ + ṁ+ 1)(̇l + ṁ+ 2).

(66)

3∗3 :


f k̇′k̇
l̇−1,l̇ ,ṁ

= ck̇′k̇
l̇−1,l̇

√
l̇ 2− ṁ2,

f k̇′k̇
l̇ l̇ ,ṁ

= ck̇′k̇
l̇ l̇

ṁ,

f k̇′k̇
l̇+1,l̇ ,ṁ

= ck̇′k̇
l̇+1,l̇

√
(l̇ + 1)2− ṁ2.

(67)

The commutation relations between the matrices3i ,3∗i and infinitesimal
operators (10), (14)–(16) are

[A1,31] = 0, [A1,32] = 33, [A1,33], = −32,

[A2,31] = −33, [A2,32] = 0, [A2,33] = 31, (68)

[A3,31] = 32, [A3,32] = −31, [A3,33] = 0.

[B1,31] = 0, [B1,32] = i33, [B1,33], = −i32,

[B2,31] = −i33, [B2,32] = 0, [B2,33] = i31, (69)

[B3,31] = i32, [B3,32] = −i31, [B3,33] = 0.

[Ã1,3∗1] = 0, [Ã1,3∗2] = −3∗3, [Ã1,33], = 3∗2,

[Ã2,3∗1] = 3∗3, [Ã2,3∗2] = 0, [Ã2,33] = −3∗1, (70)

[Ã3,3∗1] = −3∗2, [Ã3,3∗2] = 3∗1, [Ã3,3∗3] = 0.

[B̃1,3∗1] = 0, [B̃
∗
1,3∗2] = −i3∗3, [B̃1,3∗3], = i3∗2,

[B̃2,3∗1] = i3∗3, [B̃
∗
2,3∗2] = 0, [B̃2,3∗3] = −i3∗1, (71)

[B̃3,3∗1] = −i3∗2, [B̃
∗
3,3∗2] = i31, [B̃

∗
3,3∗3] = 0.
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Let us establish now an important relationship between the complexification
(61) and the four-dimensional Gel’fand–Yaglom formalism. As known, one of the
most powerful higher spin formalisms is a Gel’fand–Yaglom approach (Gel’fand
and Yaglom, 1948) based primarily on the representation theory of the Lorentz
group. In contrast to the Bargmann–Wigner and Joos–Weinberg formalisms, the
main advantage of the Gel’fand–Yaglom formalism lies in the fact that it admits
naturally a Lagrangian formulation. Indeed, an initial point of this theory is the
following lagrangian (Akhiezer and Berestetskii, 1965; Gel’fandet al., 1963;
Gel’fand and Yaglom, 1948):

L = −1

2

(
ψ̄0µ

∂ψ

∂xµ
− ∂ψ̄

∂xµ
0µψ

)
− κψ̄ψ, (72)

where0µ aren-dimensional matrices,n equals to the number of components of the
wave functionψ . Varying independently the functionsψ andψ̄ one gets general
Dirac-like (Gel’fand and Yaglom (1948)) equations

0µ
∂ψ

∂xµ
+ κψ = 0,

0T
µ

∂ψ̄

∂xµ
− κψ̄ = 0. (73)

As it shown in (Gel’fandet al., 1963) (see also (Amar and Dozzio, 1972;
Pletyukhov and Strazhev, 1983)) the matrix00 in 4D Gel’fand–Yaglom equations
(73) can be written in the form

00 = diag
(
C0⊗ I1, C1⊗ I3, . . . , Cs⊗ I2s+1, . . .

)
(74)

for integer spin and

00 = diag
(
C

1
2 ⊗ I2, C

3
2 ⊗ I4, . . . , Cs⊗ I2s+1, . . .

)
(75)

for half-integer spin, whereCs is a spin block. If the spin blockCs has non-null
roots, then the particle possesses the spins. The spin blockCs in (74) and (75)
consists of the elementscs

ττ ′ , whereτl1,l2 and τl ′1,l ′2 are interlocking irreducible
representations of the Lorentz group, that is, such representations, for whichl ′1 =
l1± 1

2, l ′2 = l2± 1
2. At this point the blockCs contains only the elementscs

ττ ′ ,
corresponding to such interlocking representationsτl1,l2, τl ′1,l ′2 which satisfy the
conditions

|l1− l2| ≤ s ≤ l1+ L2, |l ′1− l ′2| ≤ s ≤ l ′1+ l ′2.
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The two most full schemes of the interlocking irreducible representations of the
Lorentz group (Gel’fand–Yaglom chains) for integer (scheme (76)) and half-
integer (scheme (77)) spins are

(s, 0) —— · · ·

...

(2, 0) —— · · · −
(

s+ 2

2
,

s− 2

2

)
− · · ·

(1, 0) —-

(
3

2
,

1

2

)
—— · · · −

(
s+ 1

2
,

s− 1

2

)
− · · ·

(0, 0) ——

(
1

2
,

1

2

)
—— (1, 1) —— · · · ——

(
s

2
,

s

2

)
—— · · ·

(0, 1) ——

(
1

2
,

3

2

)
—— · · · −

(
s− 1

2
,

s+ 1

2

)
− · · ·

(0, 2) —— · · · −
(

s− 2

2
,

s+ 2

2

)
− · · ·

...

(0, s) —— · · ·
(76)
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(s, 0) ———– · · ·

...

(
3

2
, 0

)
———- · · · —

(
2s+ 3

4
,

2s− 3

4

)
− · · ·

(
1

2
, 0

)
———

(
1,

1

2

)
———- · · · —

(
2s+ 1

4
,

2s− 1

4

)
− · · ·

(
0,

1

2

)
———

(
1

2
, 1

)
———- · · · —

(
2s− 1

4
,

2s+ 1

4

)
—— · · ·

(
0,

3

2

)
———- · · · —

(
2s− 3

4
,

2s+ 3

4

)
− · · ·

...

(0, s) —— · · ·
(77)

3.2. Bivector SpaceR6

We will establish a relationship between complex equations (61) and 4D
Gel’fand–Yaglom formalism by means of the mapping of the equations (73) onto
a bivector spaceR6.

Let Rp,q be then-dimensional pseudo-Euclidean space,p+ q = n. Let us
evolve inRp,q all the tensors satisfying the following two conditions: (1) a rank of
the tensors is even; (2) covariant and contravariant indexes are divided into separate
skewsymmetric pairs. Such tensors can be exemplified by bivectors (skewsymmet-
ric tensors of the second rank). The set of all bivector tensor fields inRp,q is called
a bivector set, and its representation in a given point ofRp,q is calleda local bivec-
tor set. In any tensor from the bivector set we take the each skewsymmetric pair
αβ as one collective index. At this point from the two possible pairsαβ andβα
we fix only one, for example,αβ. The number of all collective indexes is equal to
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N = n(n−1)
2 . In a given point, the bivector set of the spaceRp,q with contravariant

components defines in the collective indexes a vector set, the each vector of this
set hasN components. Identifying these vectors with the points ofN-dimensional
manifold, we see that it be an affine manifoldEN if and only if this manifold
admits a Klein geometry with the group

ηa′ = Aa′
a η

a, ηa = Aa
a′η

a′ ,

detAa′
a 6= 0, Aa

b′A
b′
c = δa

c ,

where

Aa′
a −→ Aα

′
[αAβ

′
β] .

Thus, any local bivector set of the spaceRp,q(p+ q = n) can be mapped onto
the affine spaceEN . Therefore,EN related with the each point of the spaceRp,q.
The spaceEN is calleda bivector space. It should be noted that the bivector
space is a particular case of the most general mathematical construction called a
Grassmannian manifold (manifold ofm-dimensional planes of the affine space). In
the casem= 2 the manifold of two-dimensional planes is isometric to the bivector
space, and the Grassmann coordinates in this case are called Pluecker coordinates.

The metrization of the bivector spaceEN is given by the formula (see (Petrov,
1969))

gab→ gαβγ δ ≡ gαγ gβγ − gαδgβγ , (78)

wheregαβ is a metric tensor of the spaceRp,q, and the collective indexes are
skewsymmetric pairsαβ → a, γ δ→ b. After introduction ofgab, the bivector
affine spaceEN is transformed to a metric spaceRN .

In the case of Minkowski spacetimeR1,3 with the metric tensor

gαβ =


−1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1


in virtue of (78) we obtain for the bivector spaceR6:

gab =



−1 0 0 0 0 0

0 −1 0 0 0 0

0 0 −1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(79)



P1: GDX

International Journal of Theoretical Physics [ijtp] PP856-ijtp-465839 June 17, 2003 11:18 Style file version May 30th, 2002

General Solutions of Relativistic Wave Equations 603

where the order of collective indexes inR6 is 23→ 0, 10→ 1, 20→ 2, 30→ 3,
31→ 4, 12→ 5. As it shown in (Kagan, 1926), the Lorentz transformations can
be represented by linear transformations of the spaceR6. Let us write an invariance
condition of the system (61). Letg : x′ = g−1x be a transformation of the bivector
spaceR6, that isx′ =∑6

b=1 gbaxb, wherex = (x1, x2, x3, x̃1, x̃2, x̃3) andgba is the
metric tensor (79). We can write the tensor (79) in the form

gab =
(

g−ik
g−ik

,

)
thenx′ =∑3

k=1 g−ki xk, x̃′ =∑3
k=1 g+ki x̃k. Replacingψ via T−1

g ψ ′ and differentia-
tion onxk(x̃k) by differentiation onx′k(x̃′k) via the formulae

∂

∂xk
=
∑

g−ik
∂

∂x′i
,

∂

∂ x̃k
=
∑

g+ik
∂

∂ x̃′i

we obtain

3∑
i=1

[
g−i 131

∂
(
T−1
g ψ ′

)
∂x′i

+ g−i 232

∂
(
T−1
g ψ ′

)
∂x′i

+ g−i 333

∂
(
T−1
g ψ ′

)
∂x′i

−ig−i 131

∂
(
T−1
g ψ ′

)
∂∗x′i

− ig+i 232

∂
(
T−1
g ψ ′

)
∂∗x′i

− ig−i 333

∂
(
T−1
g ψ ′

)
∂∗x′i

]
+ κcT−1

g ψ ′ = 0,

3∑
i=1

g−i 13
∗
1

∂
( ∗

T −1
g ψ̇

′)
∂ x̃′i

+ g−i 23
∗
2

∂
( ∗

T −1
g ψ̇

′)
∂ x̃′i

+ g+i 33
∗
3

∂
( ∗

T −1
g ψ̇

′)
∂ x̃′i

+ig−i 13
∗
1

∂
( ∗

T −1
g ψ̇

′)
∂∗ x̃′i

+ ig−i 23
∗
2

∂
( ∗

T −1
g ψ̇

′)
∂∗ x̃′i

+ ig−i 33
∗
3

∂
( ∗

T −1
g ψ̇

′)
∂∗ x̃′i


+ κ̇c ∗T −1

g ψ̇
′ = 0,

Or, sinceTg is a constant matrix, we have∑
i

[
g−i 131T−1

g
∂ψ ′

∂x′i
+ g−i 232T−1

g
∂ψ ′

∂x′i
+ g−i 333T−1

g
∂ψ ′

∂x′i

− ig−i 131T−1
g
∂ψ ′

∂x∗′i
− ig−i 232T−1

g
∂ψ ′

∂x∗′i
− ig−i 333T−1

g
∂ψ ′

∂x∗′i

]
+ κcT−1

g ψ ′ = 0,

∑
i

[
g+i 13

∗
1

∗
T −1

g
∂ψ̇
′

∂ x̃′i
+ g+i 23

∗
2

∗
T −1

g
∂ψ̇
′

∂ x̃′i
+ g+i 333

∗
T −1

g
∂ψ̇
′

∂ x̃′i
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+ ig+i 13
∗
1

∗
T −1

g
∂ψ̇
′

∂ x̃∗′i
+ ig+i 23

∗
2

∗
T −1

g
∂ψ̇
′

∂ x̃∗′i
+ ig+i 33

∗
3

∗
T −1

g
∂ψ̇
′

∂ x̃∗′i

]

+ κ̇c ∗T −1
g ψ̇

′ = 0,

For coincidence of the latter system with (61) we must multiply this system by

Tg(
∗
Tg) from the left:∑

i

∑
k

g−ikTg3kT−1
g
∂ψ ′

∂x′i
− i

∑
i

∑
k

g−ikTg3kT−1
g
∂ψ ′

∂x∗′i
+ κcψ ′ = 0,

∑
i

∑
k

g+ik
∗
Tg 3

∗
k

∗
T −1

g
∂ψ̇ ′

∂ x̃′i
+ i

∑
i

∑
k

g+ik
∗
Tg 3

∗
k

∗
T −1

g
∂ψ̇
′

∂ x̃∗′i
+ κ̇cψ̇

′ = 0,

The requirement of invariance means that for any transformationg between the
matrices3k(3∗k) we must have the relations∑

k

g−ikTg3kT−1
g = 3i ,

∑
k

g+ik
∗
Tg 3

∗
k

∗
T −1

g = 3∗i . (80)

In such a way, we see that the six-dimensional bivector spaceR6 is associated
with the each point of the Minkowski spacetimeR1,3. Using this fact we can
establish now a relationship between the3-matrices of the equations (61) and
0-matrices of the Gel’fand–Yaglom equations (73). We have here two essentially
different cases:

1. The dimension of the0-matrices is even,n ≡ 0 (mod 2). In this case the
0-matrices have the form

i
02m=

1i 2m−1 0

0
∗
1
i

2m−1

 , or
i
02m=

 0 1
i

2m−1

∗
1
i

2m−1 0

 (81)

The3-matrices are expressed via (81) as follows

3
1

2m−1 = 1
1

2m−1 1
0

2m−1, 3
2

2m−1 = 1
2

2m−1 1
0

2m−1, 3
3

2m−1 = 1
3

2m−1 1
0

2m−1,

3
4

2m−1 = ∗
1
2

2m−1

∗
1
3

2m−1, 3
5

2m−1 = ∗
1
3

2m−1

∗
1
1

2m−1, 3
6

2m−1 = ∗
1
1

2m−1

∗
1
2

2m−1,

(82)
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2. n ≡ 1 (mod 2). In this case a relationship between the3- and3-matrices
is

3
1

n =
1
0 n

0
0 n, 3

2
n =

2
0 n

0
0 n, 3

3
n =

3
0 n

0
0 n,

3
4

n =
2
0 n

3
0 n, 3

5
n =

3
0 n

1
0 n, 3

6
n =

1
0 n

2
0 n. (83)

3.3. Separation of Variables in Generalized Gel’fand–Yaglom Equations

Let us construct inC3 a two-dimensional complex sphere from the quantities

zk = xk + iyk,
∗
zk = xk − iyk as follows (see Fig. 1)

z2 = z2
1 + z2

2 + z2
3 = x2− y+ 2i xy = r 2 (84)

and its complex conjugate (dual) sphere
∗
z2 = ∗z2

1+
∗
z2

2+
∗
z2

3 = x2− y2− 2i xy = ∗r 2. (85)

It is well-known that both quantities x2− y2, xy are invariant with respect
to the Lorentz transformations, since a surface of the complex sphere is invariant

Fig. 1. Two-dimensional complex spherez2
1 + z2

2 + z2
3 =

r 2 in three-dimensional complex spaceC3. The spaceC3 is
isometric to the bivector spaceR6. The dual (complex con-

jugate) sphere
∗
z2

1 +
∗
z2

2 +
∗
z2

3 =
∗
r 2 is a mirror image of the

complex sphere with respect to the hyperplane. The hyper-

spherical functionsM
l
mn(ϕ

c, θc, 0)(M
l̇
ṁṅ(ϕ̇c, θ̇c, 0)) are

defined on the surface of the complex (dual) sphere.
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(Casimir operators of the Lorentz group are constructed from such quantities, see
also (44)). It is easy to see that three-dimensional complex spaceC3 is isometric to
a real spaceR3,3 with a basis{i e1, i e2, i e3, e4, e5, e6. At this point a metric tensor
of R3,3 has the form (79). Hence it immediately follows thatC3 is isometric to the
bivector spaceR6.

Therefore, with the each point of the Minkowski spacetimeR1,3 we can
associate the two-dimensional complex sphere and its conjugate.

Let us introduce now hyperspherical coordinates on the surfaces of the com-
plex and dual spheres

z1 = r sinθc cosϕc, z∗1 = r ∗ sinθ̇c cosϕ̇c,

z2 = r sinθc sinϕc, z∗2 = r ∗ sinθ̇c sinϕ̇c,

z3 = r cosθc, z∗3 = r ∗ cosθ̇c, (86)

where θc, ϕc are the complex Euler angles. Casimir operators on the two-
dimensional complex sphere (correspondingly, on the dual sphere) have the form

X2 = ∂2

∂θc2
+ cotθc ∂

∂θc
+ 1

sin2 θc

∂2

∂θc2

Y2 = ∂2

∂θ̇c2
+ cotθ̇c ∂

∂θ̇c
+ 1

sin2 θ̇c

∂2

∂θ̇c2
. (87)

Hyperspherical functionsMl
mn(ϕ

c, θc, 0) andM
l
ṁṅ(ϕ̇c, θ̇c, 0), defined on the sur-

face of the two-dimensional complex sphere, are eigenfunctions of the operators
X2 andY2:

[X2+ l (l + 1)]Ml
mn(ϕ

c, θc, 0)= 0,

[Y2+ l̇ (l̇ + 1)]Ml̇
ṁṅ(ϕ̇c, θ̇c, 0)= 0 (88)

Substituting the functionsMl
mn(ϕ

c, θc, 0)= e−imnϕc
Zl

mn(θ
c), M

l̇
ṁṅ(ϕ̇c, θ̇c, 0)=

e−i ṁϕ̇c
Zl̇

ṁṅ(θ̇c) into (88) and taking into account the operators (87) we obtain
the following equations[

d2

dθc2
+ cotθc d

dθc
− m2

sin2 θc
+ l (l + 1)

]
Zl

mn(θ
c) = 0,[

d2

dθ̇c2
+ cotθ̇c d

dθ̇c
− m2

sin2 θ̇c
+ l̇ (l̇ + 1)

]
Zl̇

mn(θ̇
c) = 0,

Or, introducing the substitutionsz= cosθc,
∗
z= cosθ̇c we find that[

(1− z2)
d2

dz2
− 2z

d

dz
− m2

1− z2
+ l (l + 1)

]
Zl

mn(arc cosz) = 0,
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[
(1− ∗z2)

d2

d
∗
z2
− 2

∗
z

d

d
∗
z
− ṁ2

1− ∗z2
+ l̇ (l̇ + 1)

]
Zl̇

ṁṅ(arc cos
∗
z ) = 0,

The scalar product of the functionsMl̇
ṁṅ(ϕ̇c, θ̇c, 0) andM

l
mn(ϕ

c, θc, 0), defined
on the complex shere, is given by an expression∫

dÄM
l̇
ṁṅM

l
mn =

∫
dϕ dε dθ dτ sinθc sinθ̇cM

l̇
ṁṅ(ϕ̇c, θ̇c, 0)Ml

mn(ϕ
c, θc, 0)

with the integration limits

0≤ ϕ < 2π, −∞ < ε < +∞,

0≤ θ < π, −∞ < τ < +∞.
Let us show that a solution of the generalized Gel’fand–Yaglom equations

(61), or the equations (73), can be found in the form of the series on generalized
hyperspherical functions considered in the previous section.

With this end in view let us transform the system (61) as follows. First of all,
let us define the derivatives∂

∂xi
, ∂
∂x∗i

on the surface of the complex sphere (84) and
write them in the hyperspherical coordinates (86) as

∂

∂x1
= − sinϕc

r sinθc

∂

∂ϕ
+ cosϕc cosθc

r

∂

∂θ
+ cosϕc sinθc ∂

∂r
, (89)

∂

∂x2
= cosϕc

r sinθc

∂

∂ϕ
+ sinϕc cosθc

r

∂

∂θ
+ sinϕc sinθc ∂

∂r
, (90)

∂

∂x3
= −sinθc

r

∂

∂θ
+ cosθc ∂

∂r
. (91)

∂

∂x∗1
= i

∂

∂x1
= − sinϕc

r sinθc

∂

∂ε
+ cosϕc sinθc

r

∂

∂τ
+ i cosϕc sinθc ∂

∂r
, (92)

∂

∂x∗2
= i

∂

∂x2
= − cosϕc

r sinθc

∂

∂ε
+ sinϕc cosθc

r

∂

∂τ
+ i sinϕc sinθc ∂

∂r
, (93)

∂

∂x∗3
= i

∂

∂x3
= −sinθc

r

∂

∂τ
+ i cosθc ∂

∂r
. (94)

Analogously, on the surface of the dual sphere we have

∂

∂ x̃1
= − sinϕ̇c

r ∗ sinθ̇c

∂

∂ϕ
+ cosϕ̇c cosθ̇c

r ∗
∂

∂θ
+ cosϕ̇c sinθ̇c ∂

∂r ∗
, (95)

∂

∂ x̃2
= − cosϕ̇c

r ∗ sinθ̇c

∂

∂ϕ
+ sinϕ̇c cosθ̇c

r ∗
∂

∂θ
+ sinϕ̇c sinθ̇c ∂

∂r ∗
, (96)
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∂

∂ x̃3
= −sinθ̇c

r ∗
∂

∂θ
+ cosθ̇c ∂

∂r ∗
. (97)

∂

∂ x̃∗1
= −i

∂

∂ x̃1
= sinϕ̇c

r ∗ sinθ̇c

∂

∂ε
− cosϕ̇c cosθ̇c

r ∗
∂

∂τ
− i cosϕ̇c sinθ̇c ∂

∂r ∗
, (98)

∂

∂ x̃∗2
= −i

∂

∂ x̃2
= − cosϕ̇c

r ∗ sinθ̇c

∂

∂ε
− sinϕ̇c cosθ̇c

r ∗
∂

∂τ
− i sinϕ̇c sinθ̇c ∂

∂r ∗
, (99)

∂

∂ x̃∗3
= −i

∂

∂ x̃3
= sinθc

r ∗
∂

∂τ
− i cosθ̇c ∂

∂r ∗
. (100)

Substituting the functionsψ = T−1
g ψ ′(ψ̇ = ∗

T −1
g ψ̇

′) and the derivatives (89)–

(94), (95)–(100) into the system (61), and multiply byTg = T(ϕc, θc, 0)(
∗
T g =

∗
T(ϕ̇c, θ̇c, 0)) from the left, we obtain

Tg31

[
− sinϕc

r sinθc

∂(T−1
g ψ ′)

∂ϕ
+ i

sinϕc

r sinθc

∂(T−1
g ψ ′)

∂ε
+ cosϕc cosθc

r

∂(T−1
g ψ ′)

∂θ

− i
cosϕc cosθc

r

∂(T−1
g ψ ′)

∂τ
+ 2 cosϕc sinθc

∂(T−1
g ψ ′)

∂r

]

+ Tg32

[
cosϕc

r sinθc

∂(T−1
g ψ ′)

∂ϕ
− i

cosϕc

r sinθc

∂(T−1
g ψ ′)

∂ε
+ sinϕc cosθc

r

∂(T−1
g ψ ′)

∂θ

− i
sinϕc cosθc

r

∂(T−1
g ψ ′)

∂τ
+ 2 sinϕc sinθc

∂(T−1
g ψ ′)

∂r

]
+ Tg33

×
[
−sinθc

r

∂(T−1
g ψ ′)

∂θ
+ i

sinθc

r

∂(T−1
g ψ ′)

∂τ
+ 2 cosθc

∂(T−1
g ψ ′)

∂r

]
+ κcψ ′ = 0,

∗
T g3

∗
1

− sinϕ̇c

r ∗ sinθc

∂(
∗
T −1

g ψ̇
′)

∂ϕ̇
+ i

sinϕ̇c

r sinθ̇c

∂(
∗
T −1

g ψ̇
′)

∂ε
+ cosϕ̇c cosθ̇c

r ∗

×
∂(
∗
T −1

g ψ̇
′)

∂θ
− i

cosϕ̇c cosθ̇c

r

∂(
∗
T −1

g ψ̇
′)

∂τ
+ 2 cosϕ̇c sinθ̇c

∂(
∗
T −1

g ψ̇
′)

∂r ∗


+ ∗

T g3
∗
2

 cosϕ̇c

r ∗ sinθ̇c

∂(
∗
T −1

g ψ̇
′)

∂ϕ̇
− i

cosϕ̇c

r ∗ sinθ̇c

∂(
∗
T −1

g ψ̇
′)

∂ε
+ sinϕ̇c cosθ̇c

r ∗
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×
∂(
∗
T −1

g ψ̇
′)

∂θ̇
− i

sinϕ̇c cosθ̇c

r

∂(
∗
T −1

g ψ̇
′)

∂τ
+ 2 sinϕ̇c sinθ̇c

∂(
∗
T −1

g ψ̇
′)

∂r ∗


+ ∗

T g3
∗
3

−sinθ̇c

r ∗
∂(
∗
T −1

g ψ̇
′)

∂θ̇
+ i

sinθ̇c

r ∗
∂(
∗
T −1

g ψ̇
′)

∂τ
+ 2 cosθ̇c

∂(
∗
T −1

g ψ̇
′)

∂r ∗


+ κ̇cψ̇ ′ = 0,

(101)

In virtue of the invariance conditions (80) we have

Tg[−31 sinϕc +32 cosϕc]T−1
g = 31,

Tg[31 cosϕc cosθc +32 sinϕc cosθc −33 sinθc]T−1
g = 32,

Tg[231 cosϕc sinθc + 232 sinϕc sin θc + 233 cosθc]T−1
g = 233,

Tg[i31 sinϕc − i32 cosϕc]T−1
g = i31,

Tg[−i31 cosϕc cosθc − i32 sinϕc cosθc + i33 sinθc] = i32,

∗
T g[−3∗1 sinϕ̇c +3∗2 cosϕ̇c]

∗
T −1

g = 3∗1,

∗
T g[3∗1 cosϕ̇c cosθ̇c +3∗2 sinϕ̇c cosθ̇c −3∗3 sinθ̇c]

∗
T −1

g = 3∗2,

∗
T g[23∗1 cosϕ̇c sinθ̇c + 23∗2 sinϕ̇c sinθ̇c − 23∗3 cosθ̇c]

∗
T −1

g = 3∗3,

∗
T g[i3∗1 sinϕ̇c + i3∗2 cosϕ̇c]

∗
T −1

g = −i3∗1,

∗
T g[−i3∗1 cosϕ̇c cosθ̇c − i3∗2 sinϕ̇c cosθ̇c + i3∗3 sinθ̇c]

∗
T −1

g = −i3∗2

Taking into account the latter relations we can write the system (101) as follows

1

r sinθc
31Tg

∂(T−1
g ψ ′)

∂ϕ
+ i

r sinθc
31Tg

∂(T−1
g ψ ′)

∂ε

− 1

r
32Tg

∂(T−1
g ψ ′)

∂θ
− i

r
32Tg

∂(T−1
g ψ ′)

∂τ
+ 233Tg

∂(T−1
g ψ ′)

∂r
+ κcψ ′ = 0,

1

r ∗ sinθ̇c
3∗1

∗
T
∂(
∗
T −1

g ψ̇
′)

∂ϕ
− i

r ∗ sinθ̇c
3∗1

∗
T g

∂(
∗
T −1

g ψ̇
′)

∂ε
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− 1

r ∗
3∗2

∗
T g

∂(
∗
T gψ̇

′)
∂θ

+ i

r ∗
3∗2

∗
T g

∂(
∗
T gψ̇

′)
∂τ

+ 23∗3
∗
T g

∂(
∗
T gψ̇

′)
∂r ∗

+ κ̇cψ̇ ′ = 0.

(102)

The matricesT−1
g ,

∗
T −1

g depend onϕ, ε, θ , τ . By this reason we must differentiate

in T−1
g ψ ′,

∗
T −1

g ψ̇
′ the both factors. After differentiation, the system (102) takes a

form

1

r sinθc
31
∂ψ ′

∂ϕ
+ i

r sinθc
31
∂ψ ′

∂ε
− 1

r
32
∂ψ ′

∂θ

− i

r
32
∂ψ ′

∂τ
+ 233

∂ψ ′

∂r
+
[

1

r sinθc
31Tg

∂T−1
g

∂ϕ

+ i

r sinθc
31Tg

∂T−1
g

∂ε
− 1

r
32Tg

∂T−1
g

∂θ
− i

r
32Tg

∂T−1
g

∂τ
+ κc I

]
ψ ′ = 0,

1

r ∗ sinθ̇c
3∗1
∂ψ̇ ′

∂ϕ
− i

r ∗ sinθ̇c
3∗1
∂ψ̇ ′

∂ε
− 1

r ∗
3∗2
∂ψ̇ ′

∂θ
+ i

r ∗
3∗2
∂ψ̇ ′

∂τ

+23∗3
∂ψ̇ ′

∂r ∗
+
 1

r ∗ sinθ̇c
3∗1

∗
T g

∂
∗
T −1

g

∂ϕ
− i

r ∗ sinθ̇c
31

∗
T g

∂
∗
T −1

g

∂ε

− 1

r ∗
3∗2

∗
T g

∂
∗
T −1

g

∂θ
− i

r ∗
3∗2

∗
T g

∂
∗
T −1

g

∂τ
+ κ̇c I

 ψ̇ ′ = 0,

(103)

Let us show that the productsTg
∂T−1

g
∂ϕ

, · · · , ∗T
∂
∗
T −1
g

∂τ
are expressed via linear combi-

nations of the operatorsAi , Bi , Ãi , B̃i . Indeed, a matrix of the fundamental repre-
sentationg(ϕ, ε, θ , τ, 0, 0)= Tg(ϕc, θc, 0) of the groupG+ has a form (see (26))

gT (ϕ, ε, θ , τ, 0, 0)=
 cosθ

c

2 e
iϕc

2 i sin θc

2 e−
iϕc

2

i sin θc

2 e
iϕc

2 cosθ
c

2 e−
iϕ
2

 =
e

ε+iϕ
2
[
cosθ2 coshτ2 + i sin θ

2 sinh τ2
]

e
−ε−iϕ

2
[
cosθ2 sinh τ2 + i sin θ

2 coshτ2
]

e
ε+iϕ

2
[
cosθ2 sinh τ2 + i sin θ

2 coshτ2
]

e
−ε−iϕ

2
[
cosτ2 sinh τ2 + i sin θ

2 coshτ2
]
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and its inverse matrix is

(gT )−1

=
e

−ε−iϕ
2
[
cosθ2 coshτ2 + i sin θ

2 sinh τ2
] −e

−ε−iϕ
2
[
cosθ2 sinh τ2 + i sin θ

2 coshτ2
]

−e
ε+iϕ

2
[
cosθ2 sinh τ2 + i sin θ

2 coshτ2
]

e
ε−iϕ

2
[
cosτ2 coshθ2 + i sin θ

2 sinh τ2
]


In accordance with (10), (14), and (11)–(13) infinitesimal operators for the funda-
mental representationg are

A1 = − i

2

[
0 1
1 0

]
, A2 = −1

2

[
0 1
−1 0

]
, A3 = −1

2

[
i 0
0 −i

]
,

B1 = −1

2

[
0 1
1 0

]
, B2 = −1

2

[
0 i
−i 0

]
, B3 = −1

2

[−1 0
0 1

]
(104)

Then

gT ∂(gT )−1

∂ϕ
= i

2

(− cosθc i sinθc

−i sinθc cosθc

)
= −A3 cosθc − A2 sinθc, (105)

gT ∂(gT )−1

∂ε
= 1

2

(− cosθc i sinθc

−i sinθc cosθc

)
= −B3 cosθc − B2 sinθc, (106)

gT ∂(gT )−1

∂θ
= 1

2

(
0 −i
−i 0

)
= A1, (107)

gT ∂(gT )−1

∂τ
= 1

2

(
0 1
1 0

)
= B1, (108)

Further, a matrix of the conjugate fundamental representationġ(ϕ, ε, θ , τ, 0, 0)=
∗
T g(ϕ̇c, θ̇c, 0) of the groupG+ has a form

ġT (ϕ, ε, θ , τ, 0, 0)=
 cos θ̇

c

2 e−
i ϕ̇c

2 −i sin θ̇c

2 e
iϕ
2

−i sin θ̇c

2 e−
i ϕ̇c

2 cos θ̇
c

2 e
i ϕ̇c

2


=
e

ε−iϕ
2
[
cosθ2 coshτ2 − i sin θ

2 sinh τ2
]

e
ε−iϕ

2
[
cosθ2 coshτ2 − i sin θ

2 sinh τ2
]

e
ε−iϕ

2
[
cosθ2 sin τ

2 − i sin θ
2 coshτ2

]
e
ε−iϕ

2
[
cosθ2 coshτ2 − i sin θ

2 sinh τ2
]


and its inverse matrix is

(ġT )−1 =e
ε+iϕ

2
[
cosθ2 coshτ2 − i sin θ

2 sinh τ2
] −e

−ε+iϕ
2
[
cosθ2 sinh τ2 − i sin θ

2 coshτ2
]

−e
ε−iϕ

2
[
cosθ2 sin τ

2 − i sin θ
2 coshτ2

]
e
ε−iϕ

2
[
cosθ2 coshτ2 − i sin θ

2 sinh τ2
]
 .
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In accordance with (15) and (16) infinitesimal operators for the conjugate funda-
mental representatioṅg are

Ã1 = − i

2

[
0 1

1 0

]
, Ã2 = −1

2

[
0 −1

1 0

]
, Ã3 = −1

2

[
−i 0

0 i

]
,

B̃1 = −1

2

[
0 1

1 0

]
, B̃2 = −1

2

[
0 i

−i 0

]
, B̃3 = −1

2

[
1 0

0 −1

]
(109)

In this case we have

ġT ∂(ġT )−1

∂ϕ
= i

2

(
cosθ̇c i sinθ̇c

−i sinθ̇c − cosθ̇c

)
= −Ã3 cosθ̇c + Ã2 sinθ̇c, (110)

ġT ∂(ġT )−1

∂ε
= 1

2

(− cosθ̇c i sinθ̇c

−i sinθ̇c − cosθ̇c

)
= −B̃3 cosθ̇c − B̃2 sinθ̇c, (111)

ġT ∂(ġT )−1

∂θ̇
= 1

2

(
0 i
i 0

)
= Ã1, (112)

ġT ∂(gT )−1

∂τ
= 1

2

(
0 −1
−1 0

)
= B̃1, (113)

It is easy to verify that relations (105)–(113) take place for any representation
g→ Tg of the groupG+. Substituting these relations into the system (103) we
obtain

1

r sinθc
31
∂ψ ′

∂ϕ
+ i

r sinθc
31
∂ψ ′

∂ε
− 1

r
32
∂ψ ′

∂θ
− i

r
32
∂ψ ′

∂τ

+ 233
∂ψ̇ ′

∂r
− 1

r
[−(31A2+32A1)+ i (31B2−32B1)

+ cotθc(i31B3−31A3)]ψ ′ + κcψ = 0,

1

r ∗ sinθ̇c
3∗1
∂ψ̇ ′

∂ϕ
− i

r ∗ sinθ̇c
3∗1
∂ψ̇ ′

∂ε
+ 1

r ∗
3∗2
∂ψ̇ ′

∂θ̇
− i

r ∗
3∗2
∂ψ̇ ′

∂τ

+ 23∗3
∂ψ̇ ′

∂r ∗
+ 1

r ∗
[(
3∗1Ã2+3∗2Ã1

)+ i
(
3∗1B̃2−3∗2B̃1

)
+ cotθ̇c

(
i3∗1B̃3−3∗1Ã3

)]
ψ̇ ′ + κ̇cψ̇ = 0. (114)

Now we are in a position that allows to separate variables in relativistically invariant
system. We decompose the each componentψk

lm of the wave functionψ into the
series on the generalized hyperspherical functions. This procedure gives rise to
separation of variables, that is, it reduces the relativistically invariant system to a
system of ordinary differential equations. Preliminarily, let us calculate elements of
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the matricesV = 31B2−32B1, U = 3∗1Ã2−3∗2Ã1, G = 31A2+32A1, W =
3∗1B̃2+3∗2B̃1.

First of all, let us find elements of the matrixV = 31B2−32B1. Using the
relations (69) we can writeV = 2i33+ B231− B132. Let

Vξ k
l ,m =

∑
l ′,m′,k′

vk′k
l ′l ,m′mξ

k′
l ′,m′

be an expression of the matrixV for the canonical basis{ξ k
lm}. Taking into account

(62)–(64) and (14) we obtain

Vξ k
m = (2i33+ B231− B132)ξ k

l ,m

= 2i
∑

l ′,m′,k′
ck′k

l ′l ,m′mξ
k′
l ′,m′ + B2

∑
l ′,m′,k′

ak′k
l ′l ,m′mξ

k′
l ′,m′ − B1

∑
l ′,m′,k′

bk′k
l ′l ,m′mξ

k′
l ′,m′

= 2i
∑

l ′,m′,k′
ck′k

l ′l ,m′mξ
k′
l ′,m′ +

i

2

∑
l ′,m′,k′

ak′k
l ′l ,m′m

(
αl ′

m′ξ
k′
l ′,m′−1− αl ′

m′+1ξ
k′
l ′,m′+1

)
− 1

2

∑
l ′,m′,k′

bk′k
l ′l ,m′m

(
αl ′

mξ
k′
l ′,m′−1+ αl ′

m′+1ξ
k′
l ′,m′+1

)
.

Dividing each of the two latter sums on the two and changing the summation index
in the each four obtained sums, we come to the following expression

Vξ k
l ,m =

∑
l ′,m′,k′

∑
l ′,m′,k′

(
2ick′k

l ′l ,m′m −
i

2
αl ′

m′a
l ′
l ′l ,m′−1,m

+ i

2
αl ′

m′+1ak′k
l ′l ,m′+1,m −

1

2
αl ′

m′b
k′k
l ′l ,m′−1,m −

1

2
αl ′

m′+1bk′k
l ′l ,m′+1,m

)
ξ k′

l ′,m′ .

Therefore, a general element of the matrixV have a form

vk′k
l ′l ,m′m = 2ick′k

l ′l ,m′m −
i

2
αl ′

m′a
k′k
l ′l ,m′−1,m +

i

2
αl ′

m′+1ak′k
l ′l ,m′+1,m

− 1

2
αl ′

m′b
k′k
l ′l ,m′−1,m −

1

2
αl ′

m′+1bk′k
l ′l ,m′+1,m.

Using the formulae (62)–(64), we find that

V :


vk′k

l−1,l ,mm = ick′k
l−1,l (l + 1)

√
l 2−m2,

vk′k
ll ,mm = ick′k

ll m,

vk′k
l+1,l ,mm = −ick′k

l+1,l l
√

(l + 1)2−m2.

(115)

All other elementsvk′k
l ′l ,m′m are equal to zero.
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Analogously, using the relations (70) and the operators (15) we find that
elements of the matrixU = 3∗1Ã2−3∗2Ã1 are

U :


uk̇′k̇

l̇−1,l̇ ,ṁṁ
= ck̇′k̇

l̇−1,l̇
(l̇ + 1)

√
l̇ 2− ṁ2,

uk̇′k̇
l̇ l̇ ,ṁṁ

= −ck̇′k̇
l̇ l̇

ṁ,

uk̇′k̇
l̇+1,l̇ ,ṁṁ

= ck̇′k̇
l̇+1,l̇

l̇
√

(l̇ + 1)2− ṁ2.

(116)

Further, using (68), (10), (71), and (16) it is easy to verify that all the elements of
the matricesG = 31A1+32A1 andW = 3∗1B̃2+3∗2B̃2 are equal to zero.

The system (114) in the componentsψk
lm is written as follows

1

r sinθc

∑
l ′,m′,k′

akk′
ll ′,mm′

∂ψk′
l ′m′

∂ϕ
+ i

r sinθc

∑
l ′,m′,k′

akk′
ll ′,mm′

∂ψk′
l ′m′

∂ε

− 1

r

∑
l ′,m′,k′

bkk′
ll ′,mm′

∂ψk′
l ′m′

∂θ
− i

r

∑
l ′,m′,k′

bkk′
ll ′,mm′

∂ψk′
l ′m′

∂τ
+ 2

∑
l ′,m′,k′

ckk′
ll ′,mm′

∂ψk′
l ′m′

∂r

+ i

r

∑
l ′,m′,k′

vkk′
ll ′,mm′ψ

k′
l ′m′ +

2i

r
cotθc

∑
l ′,m′,k′

m′akk′
ll ′,mm′ψ

k′
l ′m′ + κcψk

lm = 0,

1

r ∗ sinθ̇c

∑
l̇ ′,ṁ′,k̇′

akk̇′
l̇ l̇ ′,mṁ′

∂ψ k̇′
l̇ ′ṁ′

∂ϕ
+ i

r ∗ sinθ̇c

∑
l̇ ′,ṁ′,k̇′

dk̇k̇′
l̇ l̇ ′,mṁ′

∂ψ k̇′
l̇ ′ṁ′

∂ε

− 1

r ∗
∑

l̇ ′,ṁ′,k̇′
bk̇k̇′

l̇ l̇ ′,mṁ′
∂ψ k̇′

l̇ ′ṁ′

∂θ
− i

r ∗
∑

l̇ ′,ṁ′,k̇′
bk̇k̇′

l̇ l̇ ′,ṁṁ′
∂ψ k̇′

l̇ ′ṁ′

∂τ
+ 2

∑
l̇ ′,ṁ′,k̇′

f k̇k̇′
l̇ l̇ ′,mṁ′

∂ψ k̇′
l̇ ′ṁ′

∂r ∗

+ i

r ∗
∑

l̇ ′,ṁ′,k̇′
vk̇k̇′

l̇ l̇ ′,mṁ′ψ
k̇′
l̇ ′ṁ′ +

2i

r
cotθc

∑
l̇ ′,ṁ′,k̇′

ṁ′dk̇k̇′
l̇ l̇ ′,mṁ′ψ

k̇′
l̇ ′ṁ′ + κ̇cψ k̇

l̇m = 0, (117)

where the coefficientsak′kll ′, mm′, bkk′
ll ′,mm′ , ckk′

ll ′,mm′ , vkk′
ll ′,mm′ , dk̇k̇′

l̇ l̇ ′,ṁṁ′ , ek̇k̇′
l̇ l̇ ′,ṁṁ′ f

k̇k̇′
l̇ l̇ ′,ṁṁ′

uk̇k̇′
l̇ l̇ ′,ṁṁ′ are defined by the formulae (62)–(64), (115), (65)–(67), (116).

With a view to separate the variables in (117) let us assume

ψk
lm = f l0

lmk(r ) M
l0
mn(ϕ, ε, θ , τ, 0, 0), (118)

wherel0 ≥ l , and−l0 ≤ m, n ≤ l0. Substituting the functions (118) into the system
(117) and taking into account values of the coefficientsakk′

ll ′,mm′ , bkk′
ll ′,mm′ , ckk′

ll ′,mm′ ,

v′kk
ll ′,mm′ dk̇k̇′

l̇ l̇ ′,ṁṁ′ , ek̇k̇′
l̇ l̇ ′,ṁṁ′ , f k̇k̇′

l̇ l̇ ′,ṁṁ′ , uk̇k̇′
l̇ l̇ ′,ṁṁ′ let us collect together the terms with iden-

tical radical functions. In the result we obtain∑
k′

ckk′
l ,l−1

{[
2
√

l 2−m2
∂ f l0

l−1,m,k′

∂r
− 1

r
(l + 1)

√
l 2−m2 f l0

l−1,m,k′

]
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×M
l0
mn(ϕ, ε, θ , τ, 0, 0)+ 1

2r

√
(l +m)(l +m− 1) f l0

l−1,m−1,k′

×
[
− 1

sin θc

∂M
l0
m−1,n

∂ϕ
− i

sin θc

∂Ml0
m1,n

∂ε
+ i

∂M
l0
m−1,n

∂θ
− ∂M

l0
m−1,n

∂τ

− 2i (m− 1) cosθc

sin θc
M

l0
m−1,n

]
+ 1

2r

√
(l −m)(l −m− 1) f l0

l−1,m+1,k′

×
[

1

sin θc

∂M
l0
m+1,n

∂ϕ
+ i

sin θc

∂M
l0
m+1,n

∂ε
+ i

∂M
l0
m+1,n

∂θ
− ∂M

l0
m+1,n

∂τ

+ 2i (m+ 1) cosθc

sin θc
M

l0
m+1,n

]}
+
∑

k′
ckk′

ll

{[
2m
∂ f l 0

l ,m,k′

∂r
− 1

r
m f l0

l ,m,k′

]

×M
l0
m,n(ϕ, ε, θ , τ, 0, 0)+ 1

2r

√
(l +m)(l −m+ 1) f l0

l ,m−1,k′

×
[

1

sin θc

∂M
l0
m−1,n

∂ϕ
+ i

sin θc

∂M
l0
m−1,n

∂ε
− i

∂M
l0
m−1,n

∂θ
+ ∂M

l0
m−1,n

∂τ

+ 2i (m− 1) cosθc

sin θc
M

l0
m−1,n

]
+ 1

2r

√
(l +m+ 1)(l −m) f l0

l ,m+1,k′

×
[

1

sin θc

∂M
l0
m+1,n

∂ϕ
+ i

sin θc

∂M
l0
n+1,n

∂ε
+ i

∂M
l0
m+1,n

∂θ
− ∂M

l0
m+1,n

∂τ

+ 2i (m+ 1) cosθc

sin θc
M

l0
m+1,n

]}
+
∑

k′
ckk′

l ,l+1

{[
2
√

(l + 1)2−m2
∂ f l0

l+1,m,k′

∂r

+ 1

r
l
√

(l + 1)2−m2 f l0
l+1,m,k′

]
M

l0
m,n(ϕ, ε, θ , τ, 0, 0)

+ 1

2r

√
(l −m+ 1)(l −m+ 2) f l0

l+1,m−1,k′

[
1

sin θc

∂M
l0
m−1,n

∂ϕ
+ i

sin θc

× ∂M
l0
m−1,n

∂ε
− i

∂M
l0
m−1,n

∂θ
+ ∂M

l0
m−1,n

∂τ
+ 2i (m− 1) cosθc

sin θc
M

l0
m−1,n

]

+ 1

2r

√
(l +m+ 1)(l +m+ 2) f l0

l+1,m+1,k′

[
− 1

sin θc

∂M
l0
m+1,n

∂ϕ
− i

sin θc
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× ∂M
l0
m+1,n

∂ε
− i

∂M
l0
m+1,n

∂θ
+ ∂M

l0
m+1,n

∂τ
− 2i (m+ 1) cosθc

sin θc
M

l0
m+1,n

]}

+ κc f l0
lmM

l0
m,n(ϕ, ε, θ , τ, 0, 0)= 0,

∑
k̇′

ck̇k̇′
l̇ l̇−1


2
√

l̇ 2− ṁ2
∂ f l̇0

l̇−1,ṁ,k̇′

∂r ∗

− 1

r ∗
(l̇ + 1)

√
l̇ 2− ṁ2 f l̇0

i−1,ṁ,k̇′

]
M

l̇0
ṁ,ṅ(ϕ, ε, θ , τ, 0, 0)

+ 1

2r ∗

√
(l̇ + ṁ)(l̇ + ṁ− 1) f l̇0

l̇−1,ṁ−1,k̇′

[
− 1

sin θ̇c

∂M
l̇0
ṁ−1,ṅ

∂ϕ
+ i

sin θ̇c

× ∂M
l̇0
ṁ−1,ṅ

∂ε
+ i

∂M
l̇0
ṁ−1,ṅ

∂θ
+ ∂M

l̇0
ṁ−1,ṅ

∂τ
+ 2i (ṁ− 1) cosθ̇c

sin θ̇c
M

l̇0
ṁ−1,ṅ

]

+ 1

2r ∗

√
(l̇ − ṁ)(l̇ − ṁ− 1) f l̇0

l̇−1,ṁ+1,k̇′

[
1

sin θ̇c

∂M
l̇0
ṁ+1,ṅ

∂ϕ
− i

sin θ̇c

∂M
l̇0
ṁ+1,ṅ

∂ε

+ i
∂M

l̇0
ṁ+1,ṅ

∂θ
+ ∂M

l̇0
ṁ+1,ṅ

∂τ
− 2i (ṁ+ 1) cosθ̇c

sin θ̇c
M

l̇0
ṁ+1,ṅ

]}
+
∑

k̇′
ck̇k̇′

l̇ l̇

×

2ṁ

∂ f l̇0
l̇ ,ṁ,k̇′

∂r ∗
− 1

r ∗
ṁ f l̇0

l̇ ,ṁ,k̇′

M
l̇0
ṁ,ṅ(ϕ, ε, θ , τ, 0, 0)

+ 1

2r ∗

√
(l̇ + ṁ)(l̇ − ṁ+ 1) f l̇0

l̇ ,ṁ−1,k̇′

[
1

sin θ̇c

∂M
l̇0
ṁ−1,ṅ

∂ϕ
− i

sin θ̇c

× ∂M
l̇0
ṁ−1,ṅ

∂ε
− i

∂M
l̇0
ṁ−1,ṅ

∂θ
− ∂M

l̇0
ṁ−1,ṅ

∂τ
− 2i (ṁ− 1) cosθ̇c

sin θ̇c
M

l̇0
ṁ−1,ṅ

]

+ 1

2r ∗

√
(l̇ + ṁ+ 1)(̇l − ṁ) f l̇0

l̇ ,ṁ+1,k̇′

[
1

sin θ̇c

∂M
l̇0
ṁ+1,ṅ

∂ϕ
− i

sin θ̇c

× ∂M
l̇0
ṁ+1,ṅ

∂ε
+ i

∂M
l̇0
ṁ+1,ṅ

∂θ
+ ∂M

l̇0
ṁ+1,ṅ

∂τ
− 2i (ṁ+ 1) cosθ̇c

sin θ̇c
M

l̇0
ṁ+1,ṅ

]}

+
∑

k̇′
ck̇k̇′

l̇ ,l̇+1


2
√

(l̇ + 1)2− ṁ2
∂ f l̇0

l̇+1,ṁ,k̇′

∂r ∗
+ 1

r ∗

√
(l̇ + 1)2− ṁ2 f l̇0

i+1,ṁ,k̇′
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+M
l̇0
ṁ,ṅ(ϕ, ε, θ , τ, 0, 0)+ 1

2r ∗

√
(l̇ − ṁ+ 1)(̇l − ṁ+ 2) f l̇0

l̇+1,ṁ−1,k̇′

×
[

1

sin θ̇c

∂M
l̇0
ṁ−1,ṅ

∂ϕ
− i

sin θ̇c

∂M
l̇0
ṁ−1,ṅ

∂ε
− i

∂M
l̇0
ṁ−1,ṅ

∂θ
− ∂M

l̇0
ṁ−1,ṅ

∂τ

− 2i (ṁ− 1) cosθ̇c

sin θ̇c
M

l̇0
ṁ−1,ṅ

]
+ 1

2r ∗

√
(l̇ + ṁ+ 1)(̇l + ṁ+ 2) f l̇0

l̇+1,ṁ+1,k̇′

×
[
− 1

sin θ̇c

∂M
l̇0
ṁ+1,ṅ

∂ϕ
+ i

sin θ̇c

∂M
l̇0
ṁ+1,ṅ

∂ε
− i

∂M
l̇0
ṁ+1,ṅ

∂θ
− ∂M

l̇0
ṁ+1,ṅ

∂τ

+ 2i (ṁ+ 1) cosθ̇c

sin θ̇c
M

l̇0
ṁ+1,ṅ

]}
+ κ̇c f l̇0

l̇ ṁ
M

l̇0
ṁṅ(ϕ, ε, θ , τ, 0, 0)= 0. (119)

Each equation of the obtained system contains three generalized hyperspherical
functionsMl0

mn, M
l0
m−1,n, M

l0
m+1,n and their conjugate. We apply the recurrence re-

lations (56)–(59) to square brackets containing the functionsM
l0
m−1,n andM

l0
m+1,n.

First of all, let us recall thatMl0
m±1,n(ϕ, ε, θ , τ, 0, 0)= e−n(ε+iϕ) Zl0

m±1,n(θ , τ ) and

M
l0
ṁ±1,ṅ(ϕ, ε, θ , τ, 0, 0)= e−ṅ(ε−iϕ) Zl̇0

ṁ±1,ṅ(θ , τ ). Therefore,

∂M
l0
m±1,n

∂ϕ
= −inM

l0
m±1,n,

∂M
l0
m±1,n

∂ε
= −nM

l0
m±,n and

× ∂M
l̇0
ṁ±1,ṅ

∂ϕ
= i ṅM

l̇0
ṁ±1,ṅ,

∂M
l̇0
ṁ±1,ṅ

∂ε
= −ṅM

l̇0
ṁ±1,ṅ.

Thus, in virtue of (57) the first bracket in (119) can be written as follows

i e−n(ε+iϕ)

[
∂Zl0

m−1,n

∂θ
+ i

∂Zl0
m−1,n

∂τ
+ 2(n− (m− 1) cosθc)

sin θc
Zl0

m−1,n

]

= 2i
√

(l̇0+ ṁ)(l̇0− ṁ+ 1)Ml0
m,n. (120)

Further, in virtue of (56) for the second and fourth brackets we have

i e−n(ε+iϕ)

[
∂Zl0

m+1,n

∂θ
+ i

∂Zl0
m+1,n

∂τ
− 2(n− (m+ 1) cosθc)

sin θc
Zl0

m+1,n

]

= 2i
√

(l̇0+ ṁ+ 1)(̇l0− ṁ)Ml0
m,n. (121)
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Analogously, the third, fifth, and sixth brackets can be written as follows

− i e−n(ε+iϕ)

[
∂Zl0

m−1,n

∂θ
+ i

∂Zl0
m−1,n

∂τ
+ 2(n− (m− 1) cosθc)

sin θc
Zl0

m−1,n

]

= −2i
√

(l̇0+ ṁ)(l̇0− ṁ+ 1)Ml0
m,n,

− i e−n(ε+iϕ)

[
∂Zl0

m+1,n

∂θ
+ i

∂Zl0
m+1,n

∂τ
− 2(n− (m+ 1) cosθc)

sin θc
Zl0

m+1,n

]

= −2i
√

(l̇0+ ṁ+ 1)(̇l0− ṁ)Ml0
m,n. (122)

In like manner, the square brackets of the conjugate (dual) part of the system
(119) can be rewritten as

− i e−ṅ(ε−iϕ)

[
∂Zl̇0

ṁ−1,ṅ

∂θ
− i

∂Zl̇0
ṁ−1,ṅ

∂τ
− 2(ṅ− (ṁ− 1) cosθ̇c)

sin θ̇c
Zl̇0

ṁ−1,ṅ

]

= 2i
√

(l0+m)(l0−m+ 1)Ml̇0
ṁ,ṅ (123)

for the seventh bracket (in virtue of the recurrence relation (59)) and

− i e−ṅ(ε−iϕ)

[
∂Zl̇0

ṁ+1,ṅ

∂θ
− i

∂Zl̇0
ṁ+1,ṅ

∂τ
+ 2(ṅ− (ṁ+ 1) cosθ̇c)

sin θ̇c
Zl̇0

ṁ+1,ṅ

]

= 2i
√

(l0+m+ 1)(l0−m)Ml̇0
ṁ,ṅ (124)

for the eighth and tenth brackets (in virtue of (58)). Finally, for the ninth, eleventh,
and twelfth brackets we have

− i e−ṅ(ε−iϕ)

[
∂Zl̇0

ṁ−1,ṅ

∂θ
− i

∂Zl̇0
ṁ−1,ṅ

∂τ
− 2(ṅ− (ṁ− 1) cosθ̇c)

sin θ̇c
Zl̇0

ṁ−1,ṅ

]

= −2i
√

(l0+m)(l0−m+ 1)Ml̇0
ṁ,ṅ,

− i e−ṅ(ε−iϕ)

[
∂Zl̇0

ṁ+1,ṅ

∂θ
− i

∂Zl̇0
ṁ+1,ṅ

∂τ
+ 2(ṅ− (ṁ+ 1) cosθ̇c)

sin θ̇c
Zl̇0

ṁ+1,ṅ

]

= −2i
√

(l0+m+ 1)(l0−m)Ml̇0
ṁ,ṅ. (125)

Let us replace the square brackets in the system (119) via the relations (120)–
(125) and cancel all the equations byM

l0
mn (Ml̇0

ṁṅ). In such a way, we see that
the relativistically invariant system is reduced to a system of ordinary differential
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equations:

∑
k′

ckk′
l ,l−1

[
2
√

l 2−m2
d f l0

l−1,m,k′ (r )

dr
− 1

r
(l + 1)

√
l 2−m2 f l0

l−1,m,k′ (r )

+ i

r

√
(1+m)(l +m− 1)

√
(l̇0+ ṁ)(l̇0− ṁ+ 1) f l0

l−1,m−1,k′ (r )

+ i

r

√
(l −m)(l −m− 1)

√
(l̇0+ ṁ+ 1)(̇l0− ṁ) f l0

l−1,m+1,k′ (r )

]

+
∑

k′
ckk′

ll

[
2m

d f l0
l ,m,k′ (r )

dr
− 1

r
m f l0

l ,m,k′ (r )

− i

r

√
(1+m)(l −m+ 1)

√
(l̇0+ ṁ)(l̇0− ṁ+ 1) f l0

l ,m−1,k′ (r )

+ i

r

√
(l +m+ 1)(l −m)

√
(l̇0+ ṁ+ 1)(̇l0− ṁ) f l0

l ,m+1,k′ (r )

]

+
∑

k′
ckk′

l ,l−1

[
2
√

(l + 1)2−m2
d f l0

l+1,m,k′ (r )

dr
− 1

r

√
(l + 1)2−m2 f l0

l−1,m,k′ (r )

− i

r

√
(1−m)(l −m+ 2)

√
(l̇0+ ṁ)(l̇0− ṁ+ 1) f l0

l+1,m−1,k′ (r )

− i

r

√
(l +m+ 1)(l +m+ 2)

√
(l̇0+ ṁ+ 1)(̇l0− ṁ) f l0

l+1,m+1,k′ (r )

]
+ κc f l0

lmk(r ) = 0,

∑
k′

ckk′
l ,l−1

[
2
√

l̇ 2− ṁ2
d f l0

l−1,ṁ,k̇′ (r )

dr∗
− 1

r ∗
(l̇ + 1)

√
l 2− ṁ2 f l̇0

l̇−1,ṁ,k̇′ (r )

+ i

r ∗

√
(i + ṁ)(l̇ + ṁ− 1)

√
(l0+m)(l̇0− ṁ+ 1) f l̇0

l̇−1,ṁ−1,k̇′ (r )

+ i

r ∗

√
(l̇ − ṁ)(l̇ − ṁ− 1)

√
(l0+m+ 1)(l0−m) f l0

l̇−1,ṁ+1,k̇′ (r )

]

+
∑

k̇′
ck̇k̇′

l̇ l̇

2ṁ
d f l̇0

l̇ ,ṁ,k̇′ (r )

dr∗
− 1

r ∗
ṁ f l̇0

l̇ ,ṁ,k̇′ (r )

− i

r ∗

√
(l̇ + ṁ)(l̇ − ṁ− 1)

√
(l0+m)(l0−m+ 1) f l̇0

l̇ ,ṁ−1,k̇′ (r )
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+ i

r ∗

√
(l̇ + ṁ+ 1)(̇l − ṁ)

√
(l0+m+ 1)(l0−m) f l̇0

l̇ ,ṁ+1,k̇′ (r )

]

+
∑

k̇′
ck̇k̇′

l̇ ,l̇+1

2
√

(l̇ + 1)2− ṁ2
d f l̇ o

l̇+1,ṁk̇′

dr∗

+ 1

r ∗
l̇
√

(l̇ + 1)2− ṁ f l̇ o
l̇+1,ṁ,k̇′ (r )

− i

r ∗

√
(l̇ − ṁ+ 1)(̇l − ṁ+ 2)

√
(l0+m)(l0−m+ 1) f l̇0

l̇+1,ṁ−1,k̇′ (r )

− i

r ∗

√
(l̇ + ṁ+ 1)(̇l + ṁ+ 2)

√
(l0+m)(l0−m+ 1) f l̇0

l̇+1,ṁ−1,k̇′ (r )

+ κ̇c f l̇0
l̇ ṁk̇′ (r ) = 0.

4. DIRAC EQUATIONS

Let us consider general solutions of the Dirac equations

i γµ
∂ψ

∂xµ
−mψ = 0, (126)

where we takeγ -matrices in the Weyl basis:

γ0 =
(
σ0 0
0 −σ0

)
, γ1 =

(
0 σ1

−σ1 0

)
,

γ2 =
(

0 σ2

−σ2 0

)
, γ3 =

(
0 σ3

−σ3 0

)
, (127)

where

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
are the Pauli matrices. In accordance with a general Fermi-scheme of interlock-
ing representations ofG+ (77), the equations (127) correspond to the following
interlocking scheme (

1

2
, 0

)
←→

(
0,

1

2

)
By this reason a Dirac field is represented by aP-invariant direct sum (1/2, 0)⊕
(0, 1/2) and the equations (127) describe a massive particle with the spin 1/2. It is
easy to see thatγ -matrices for the Dirac equations have the structure (81), where
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1

i
2= σi ,

∗
1

i
2= −σi = σ̃i Therefore, in accordance with (82) the3-matrices

for the Dirac equations in bivector space are

31 = σ1σ0 =
(

0 1
1 0

)
, 32 = σ2σ0 =

(
0 −i
i 0

)
, 33 = σ3σ0 =

(
1 0
0 −1

)
,

3∗1 = σ̃2σ̃3 =
(

0 i
i 0

)
, 3∗2 = σ̃3σ̃1 =

(
0 1
−1 0

)
, 3∗3 = σ̃1σ̃2 =

(
i 0
0 −i

)
.


(128)

It is easy to verify that matrices (129) satisfy the commutation relations (68)–(71)
with infinitesimal operatorsAi , Bi , Ãi , B̃i defined for the fundamental representa-
tion of G+ (see (104) and (109)).

It is obvious that for the representation (1/2, 0)⊕ (0, 1/2) we can omit in the
system (126) the indexk(k′) which numerates subspaces transforming within one
and the same representation of the groupG+. Further, assuming thatc1

2,− 1
2 =

c1
2, 1

2 = 1, c1
2, 3

2 = 0 we reduce the system (126) to the following

d f l
1
2 , 1

2
(r )

dr
− 1

2r
f l

1
2 , 1

2
(r )− i (l̇ + 1

2)

r
f l

1
2 , 1

2
(r )+ κc f l

1
2 , 1

2
(r ) = 0,

−
d f l

1
2 , 1

2
(r )

dr
+ 1

2r
f l

1
2 , 1

2
(r )+ i (l̇ + 1

2)

r
f l

1
2 , 1

2
(r )+ κc f l

1
2 , 1

2
(r ) = 0,

d f l̇
1
2 , 1

2
(r ∗)

dr∗
− 1

2r ∗
f l̇

1
2 , 1

2
(r ∗)− i (l + 1

2)

r ∗
f l̇

1
2 , 1

2
(r ∗)+ κ̇c f l̇

1
2 , 1

2
(r ∗) = 0,

−
d f l̇

1
2 , 1

2
(r ∗)

dr∗
+ 1

2r ∗
f l̇

1
2 , 1

2
(r ∗)+ i (l + 1

2)

r ∗
f l̇

1
2 , 1

2
(r ∗)+ κ̇c f l̇

1
2 , 1

2
(r ∗) = 0, (129)

where κc = −im. If we suppose thatf l
1
2 , 1

2
(r ) = −i f l

1
2 , 1

2
(r ) and f l̇

1
2 , 1

2
(r ∗) =

−i f l
1
2 , 1

2
(r ∗), then the system (130) takes a form

d f l
1
2 , 1

2
(r )

dr
− (i + 1)

r
f l

1
2 , 1

2
(r )+ κc f l

1
2 , 1

2
(r ) = 0,

d f l
1
2 , 1

2
(r )

dr
+ i

r
f l

1
2 , 1

2
(r )− κc f l

1
2 , 1

2
(r ) = 0,

d f l
1
2 , 1

2
(r ∗)

dr∗
− (l + 1)

r ∗
f l̇

1
2 , 1

2
(r ∗)+ κ̇c f l

1
2 , 1

2
(r ∗) = 0,
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d f l̇
1
2 , 1

2
(r ∗)

dr∗
+ l

r ∗
f l̇

1
2 , 1

2
(r ∗)− κ̇c f l

1
2 , 1

2
(r ∗) = 0,

Multiplying the second and fourth equations of the obtained system by 2 and
adding the first equation with the second equation and the third equation with the
fourth we come to the following differential equations

3
d f l

1
2 , 1

2
(r )

dr
+ l̇ − 1

r
f l

1
2 , 1

2
(r )− κc f l

1
2 , 1

2
(r ) = 0,

3
d f l̇

1
2 , 1

2
(r ∗)

dr∗
+ l − 1

r ∗
f l̇

1
2 , 1

2
(r ∗)− κ̇c f l̇

1
2 , 1

2
(r ∗) = 0. (130)

Solutions of the equations (131) are expressed via Bessel functions of the half-
integer order:

f l
1
2 , 1

2
(r ) = 3

√
r
∞∑
κ=0

(−1)κ
(

2√
3

)2κ

0(ν̇ + k+ 1)Jν̇
(
2
√
κc 3
√

r
)

,

f l̇
1
2 , 1

2
(r ∗) = 3

√
r ∗
∞∑
κ=0

(−1)κ
(

2√
3

)2κ

0(ν + k+ 1)Jν
(
2
√
κ̇c 3
√

r
)

, (131)

where ν̇ = −(l̇ − 1), ν = −(l − 1) and l̇ = 2ṡ+1
2 , l = 2s+1

2 s= 0, 1, 2,. . . . The
Bessel function in (132) has a form

J2s+1
2

(z) =
√

2

πz

sin
(

z− sπ

2

) s
2∑

κ=0

(−1)k(s+ 2κ)!

(2κ)!(s− 2κ)!(2z)2k

+ cos
(

z− sπ

2

) [ s−1
2 ]∑

k=0

(−1)k(s+ 2k+ 1)!

(2k+ 1)!(s− 2k− 1)!(2z)2k+1

 . (132)

In such a way, solutions of the Dirac equations have the form

ψ1(r, ϕc, θc) = f l̇
1
2 , 1

2
(r )Ml

1
2 ,n

(ϕ, ε, θ , τ, 0, 0),

ψ2(r, ϕc, θc) = −i f l
1
2 , 1

2
(r )Ml

1
2 ,n

(ϕ, ε, θ , 0, 0),

ψ̇1(r ∗, ϕ̇c, θ̇c) = f l̇
1
2 , 1

2
(r ∗)Ml

1
2 ,ṅ

(ϕ, ε, θ , τ, 0, 0),

ψ̇2(r ∗, ϕ̇c, θ̇c) = i f l̇
1
2 , 1

2
(r ∗)Ml

1
2 ,ṅ

(ϕ, ε, θ , τ, 0, 0),
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where

l = 1

2
,

3

2
,

5

2
; n = −l ,−l + 1, . . . , l ;

l̇ = 1

2
,

3

2
,

5

2
; ṅ = −l̇ ,−l̇ + 1, . . . , l̇ ,

M
l
± 1

2 ,n
(ϕ, ε, θ , τ, 0, 0)= e∓

1
2 (ε+iϕ) Zl

± 1
2 ,n

(θ , τ ),

Zl
± 1

2 ,n
(θ , τ ) = cos2l θ

2
cosh2l τ

2

l∑
κ=−l

i±
1
2−k tan±

1
2−k θ

2
tanhn−k τ

2

× 2F1

(± 1
2 − l + 1, 1− l − k
± 1

2 − k+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
n− l + 1, 1− l − k

n− k+ 1

∣∣∣tanh2 τ

2

)
,

M
l
± 1

2 ,ṅ
(ϕ, ε, θ , τ, 0, 0)= e∓

1
2 (ε+iϕ) Zi

± 1
2 ,n

(θ , τ ),

Zl̇
± 1

2 ,ṅ
(θ , τ ) = cos2i θ

2
cosh2i τ

2

i∑
k=−l

i±
1
2−k̇ tan±

1
2−k̇ θ

2
tanhṅ−k̇ τ

2

× 2F1

(± 1
2 − l̇ + 1, 1− l̇ − k̇
± 1

2 − k̇+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
ṅ− l̇ + 1, 1− l̇ − k̇

ṅ− k̇+ 1

∣∣∣tanh2 τ

2

)
.

5. WEYL EQUATIONS

Let us consider massless Dirac equations

i γµ
∂ψ

∂xµ
= 0, (133)

whereγ -matrices have the form (128). Introducing projection operatorsP± =
(1+ γ5)/2 and following to the standard procedure (see, for example, Bogoliubov
and Shirkov, 1993) we can split the equations (134) into two (Weyl) equations

∂φ1

∂x0
− σ ∂φ1

∂x
= 0,

∂φ2

∂x0
− σ ∂φ2

∂x
= 0, (134)
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where

φ1 = 1

2

(
ψ1− ψ3

ψ2− ψ4

)
, φ2 = 1

2

(
ψ1+ ψ3

ψ2+ ψ4

)
.

As known, the equations (135) describe the massless particle with the spin 1/2
(neutrino).

Let us find solutions of the equations (134). In this case, taking into account
(129) and (126), we come to a following system

d f l
1
2 , 1

2
(r )

dr
− 1

2r
f l

1
2 , 1

2
(r )− i

(
l̇ + 1

2

)
r

f l
1
2 , 1

2
(r ) = 0,

−
d f l̇

1
2 , 1

2
(r )

dr
+ 1

2r
f l̇

1
2 , 1

2
(r )+ i

(
l̇ + 1

2

)
r

f l̇
1
2 , 1

2
(r ) = 0,

d f l̇
1
2 , 1

2
(r ∗)

dr∗
− 1

2r ∗
f l̇

1
2 , 1

2
(r ∗)− i

(
l + 1

2

)
r ∗

f l̇
1
2 , 1

2
(r ∗) = 0,

−
d f l̇

1
2 , 1

2
(r ∗)

dr∗
+ 1

2r ∗
f l̇

1
2 ,− 1

2
(r ∗)+ i

(
l + 1

2

)
r ∗

f l̇
1
2 , 1

2
(r ∗) = 0. (135)

As in the case of the Dirac equations we putf l
1
2 , 1

2
(r ) = −i f l

1
2 , 1

2
(r ), f l̇

1
2 , 1

2
(r ∗) =

−i f l̇
1
2 , 1

2
(r ∗), and reduce the system (136) to the following equations

3
d f l

1
2 , 1

2
(r )

dr
+ l̇ − 1

r
f l

1
2 , 1

2
(r ) = 0,

3
d f l̇

1
2 , 1

2
(r ∗)

dr∗
+ l − 1

r ∗
f l̇

1
2 , 1

2
(r ∗) = 0. (136)

Solutions of the equations (137) are

f l
1
2 , 1

2
(r ) = C 3

√
r
∞∑

k=0

(−1)k
(

2√
3

)2k

0(k+ 1)0(ν̇ + k+ 1)Jν̇
(
2 3
√

r
)

,

f l̇
1
2 , 1

2
(r ∗) = Ċ 3

√
r ∗
∞∑

k=0

(−1)k
(

2√
3

)2k

0(k+ 1)0(ν + k+ 1)Jν
(
2 3
√

r ∗
)

,

wherev̇ = −(l̇ − 1), ν = −(l − 1) and the Bessel function has the form (133).
Thus, solutions of the Weyl equations (135) are represented by linear combi-

nations of the solutions of the massless Dirac equations (134):

φ1 = 1

2

(
ψ1− ψ̇1

ψ2− ψ̇2

)
, φ2 = 1

2

(
ψ1+ ψ̇1

ψ2+ ψ̇2

)
,
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where

ψ1(r, ϕc, θc) = f l
1
2 , 1

2
(r )Ml

1
2 ,n

(ϕ, ε, θ , τ, 0, 0),

ψ2(r, ϕc, θc) = −i f l
1
2 , 1

2
(r )Ml

− 1
2 ,n

(ϕ, ε, θ , 0, 0),

ψ̇1(r ∗, ϕ̇c, θ̇c) = f l̇
1
2 , 1

2
(r ∗)Ml

1
2 ,ṅ

(ϕ, ε, θ , τ, 0, 0),

ψ̇2(r ∗, ϕ̇c, θ̇c) = −i f l̇
1
2 , 1

2
(r ∗)Ml

1
2 ,ṅ

(ϕ, ε, θ , τ, 0, 0),

and

l = 1

2
,

3

2
,

5

2
; n = −l ,−l + 1, . . . , l ;

l̇ = 1

2
,

3

2
,

5

2
; ṅ = −l̇ ,−l̇ + 1, . . . , l̇ ,

M
l
± 1

2 ,n
(ϕ, ε, θ , τ, 0, 0)= e∓

1
2 (ε+iϕ) Zl

± 1
2 ,n

(θ , τ ),

Zl
± 1

2 ,n
(θ , τ ) = cos2l θ

2
cosh2l τ

2

l∑
k=−l̇

i±
1
2−k tan±

1
2−k θ

2
tanhn−k τ

2

× 2F1

(± 1
2 − l + 1, 1− l̇ − k
± 1

2 − k+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
ṅ− l̇ + 1, 1− l̇ − k

n− k+ 1

∣∣∣tanh2 τ

2

)
,

M
l̇
± 1

2 ,ṅ
(ϕ, ε, θ , τ, 0, 0)= e∓

1
2 (ε+iϕ) Zl̇

± 1
2 ,ṅ

(θ , τ ),

Zl̇
± 1

2 ,ṅ
(θ , τ ) = cos2l̇ θ

2
cosh2l̇ τ

2

l̇∑
k=−l

i±
1
2−k̇ tan±

1
2−k̇ θ

2
tanhṅ−k̇ τ

2

× 2F1

(± 1
2 − l̇ + 1, 1− l̇ − k̇
± 1

2 − k̇+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
ṅ− l̇ + 1, 1− l̇ − k̇

ṅ− k̇+ 1

∣∣∣tanh2 τ

2

)
.
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6. MAXWELL EQUATIONS

In accordance with a general Bose-scheme of the interlocking representations
of the groupG+ (76), the Maxwell field (1, 0)⊕ (0, 1) corresponds to a following
interlocking scheme

(1, 0)←→
(

1

2
,

1

2

)
←→ (0, 1)

By this reason and in agreement with a de Broglie theory of fusion (de Brolgie,
1943) the Maxwell field (1, 0)⊕ (0, 1) is defined in terms of tensor products (1/2,
0)⊗ (1/2, 0) and (0, 1/2)⊗ (0, 1/2). Indeed, according to (6) the Clifford algebras,

corresponded to the Maxwell fields, areC2⊗ C2 and
∗
C 2⊗

∗
C 2. The algebras

C2⊗ C2 and
∗
C 2⊗

∗
C 2 induce spinspacesS2⊗ S2 andṠ2⊗ Ṡ2. These spinspaces

are full representation spaces for tensor productsτ 1
2 ,0⊗ τ 1

2 ,0 andτ 0, 1
2
⊗ τ 0, 1

2
. In

accordance with (8) the basis “vectors” (spintensors) of the spinspacesS2⊗ S2

andṠ2⊗ Ṡ2 have the form

ξ11 = ξ1⊗ ξ1, ξ12 = ξ1⊗ ξ2, ξ21 = ξ2⊗ ξ1, ξ22 = ξ2⊗ ξ2,

ξ 1̇1̇ = ξ 1̇⊗ ξ 1̇, ξ 1̇2̇ = ξ 1̇⊗ ξ 2̇, ξ 2̇1̇ = ξ 2̇⊗ ξ 1̇ ξ 2̇2̇ = ξ 2̇⊗ ξ 2̇. (137)

Further, the representationsτ 1
2 ,0⊗ τ 1

2 ,0 andτ 0, 1
2
⊗ τ 0, 1

2
are reducible. In virtue

of the Clebsh–Gordan formula

τ l1,l̇1 ⊗ τ l2,l̇2 =
∑

|l1−l2|≤k≤l1+l2;|l̇1−l̇2|≤k̇≤k̇≤l̇1+l̇2

τ k,k̇

we have

τ 1
2 ,0⊗ τ 1

2 ,0 = τ 0,0⊕ τ 0,1,

τ 0, 1
2
⊗ τ 0, 1

2
= τ 0,0⊕ τ 0,1.

At this point the spinspacesS2⊗ S2 andṠ2⊗ Ṡ2 decompose into direct sums of
the symmetric representation spaces:

S2⊗ S2 = Sym(0,0)⊕ Sym(2,0),

Ṡ2⊗ Ṡ2 = Sym(0,0)⊕ Sym(0,2).

The spintensorsξ11, ξ12 = ξ21, ξ22 andξ 1̇1̇, ξ 1̇2̇ = ξ 2̇1̇, ξ 2̇2̇, obtained after sym-
metrization from (138) compose the basises of three-dimensional complex spaces
Sym(2,0) and Sym(0,2), respectively. Let us introduce independent complex co-

ordinatesF1, F2, F3 and
∗
F 1,

∗
F 2,

∗
F 3 for the spintensorsf λµ and f λ̇µ̇ (spinor
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representations of the electromagnetic tensor), whereFi = Ei − i Bi and
∗
F i =

Ei + i Bi . Explicit expressions of the spinor representations of the electromag-
netic tensor are

τ 1,0

 f 11 ∼ 4(F1+ i F2),
f 12 ∼ 4F3,
f 22 ∼ 4(F1+ i F2);

τ 0,1


f 1̇1̇ ∼ 4

( ∗
F 1+ i

∗
F 2
)
,

f 1̇2̇ ∼ 4
∗
F 3,

f 2̇2̇ ∼ 4
( ∗

F 1+ i
∗
F 2
)
.

In such a way, we see that complex linear combinationsF = E− i B and
∗
F =

E+ i B, transformed withinτ 1,0 andτ 0,1 representations, are coincide with the
Majorana–Oppenheimer wave functions. At the beginning of 30s of the last cen-
tury Majorana (unpublished) and Oppenheimer (1931) proposed to consider the
Maxwell theory of electromagnetism as the wave mechanics of the photon. They
introduced a wave function of the form

ψ = E− i B, (138)

whereE and B are electric and magnetic fields. In virtue of this the standard
Maxwell equations can be rewritten

divψ = ρ , i rotψ = J̇+ ∂ψ
∂t

, (139)

whereψ = (ψ1, ψ2, ψ3), ψk = Ek − i Bk(k = 1, 2, 3). In accordance with corre-
spondence principle (−i ∂/∂xi → pi ;+i ∂/∂t → W) and in absence of electric
charges and currents the equations (140) take a Dirac-like form

(W −α·p)ψ = 0 (140)

with transversality condition

p·ψ = 0.

At this point three matrices

α1 =
0 0 0

0 0 i
0 −i 0

 , α2 =
0 0 −i

0 0 0
i 0 0

 , α3 =
 0 i 0
−i 0 0
0 0 0

 (141)

satisfy the angular-momentum commutation rules

[αi , αk] = −i εiklαl (i , k, l = 1, 2, 3).
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Further, for the complex conjugate wave function

ψ∗ = E+ i B (142)

there are the analogous Dirac-like equations

(W +α·p)ψ∗ = 0. (143)

In such a way,ψ (ψ∗) may be considered as a wave function of the photon satis-
fying the massless Dirac-like equations (Maxwell equations in the Dirac form are
considered also in (Moses, 1958, 1959)). In contrast to the Gupta–Bleuler phe-
nomenology, where the nonobservable four-potentialAµ is quantized, the main
advantage of the Majorana–Oppenheimer formulation of electrodynamics lies in
the fact that it deals directly with observable quantities, such as the electric and mag-
netic fields (Esposito, 1998; Giannetto, 1985; Recami, 1990; Varlamov, 2002a,c).

It is easy to see that Maxwell equations in the Majorana–Oppenheimer form
can be mapped into the bivector spaceR6. At this point, for the3-matrices we
have

31 =
0 0 0

0 0 i
0 −i 0

 , 32 =
0 0 −i

0 0 0
i 0 0

 , 33 =
 0 i 0
−i 0 0
0 0 0

 ,

3∗1 =
0 0 0

0 0 −1
0 1 0

 , 3∗2 =
 0 0 1

0 0 0
−1 0 0

 , 3∗3 =
0 −1 0

1 0 0
0 0 0

 .


(144)

Infinitesimal operators in the representation spaces Sym(2,0) and Sym(0,2) take a
form

A1 =
0 0 0

0 0 −1
0 1 0

 , A2 =
 0 0 1

0 0 0
−1 0 0

 , A3 =
0 −1 0

1 0 0
0 0 0

 ,

B1 =
0 0 0

0 0 −i
0 i 0

 , B2 =
 0 0 i

0 0 0
−i 0 0

 , B3 =
0 −i 0

i 0 0
0 0 0

 ,

Ã1 =
0 0 0

0 0 1
0 −1 0

 , Ã2 =
0 0 −1

0 0 0
1 0 0

 , Ã3 =
 0 1 0
−1 0 0
0 0 0

 ,

B̃1 = s

0 0 0
0 0 i
0 −i 0

 , B̃2 =
0 0 −i

0 0 0
i 0 0

 , B̃3 =
 0 i 0
−i 0 0
0 0 0

 ,


(145)
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It is easy to verify that the matrices (145) and operators (146) satisfy the
commutation relations (68)–(71).

In the case of spin 1 the system (126) takes a form

2
d f l

1,1(r )

dr
− 1

r
f l

1,1(r )− i
√

2l̇ (l̇ + 1)

r
f l

1,0(r )+ i
√

2l̇ (l̇ + 1)

r
f l

0,0(r ) = 0,

2
d f l

0,0(r )

dr
− 2

r
f l

0,0(r )− i
√

2l̇ (l̇ + 1)

r
f l

1,−1(r )+ i
√

2l̇ (l̇ + 1)

r
f l

1,1(r ) = 0,

−2
d f l

1,−1(r )

dr
+ 1

r
f l

1,−1(r )+ i
√

2l̇ (l̇ + 1)

r
f l

1,0(r )+ i
√

2l̇ (l̇ + 1)

r
f l

0,0(r ) = 0,

2
d f l̇

1,1(r
∗)

dr
− 1

r ∗
f l̇

1,1(r
∗)− i

√
2l (l + 1)

r ∗
f l̇

1,0(r
∗)+ i

√
2l (l + 1)

r
f l̇

0,0(r
∗) = 0,

2
d f l̇

0,0(r
∗)

dr
− 2

r ∗
f l̇

0,0(r
∗)− i

√
2l (l + 1)

r ∗
f l̇

1,−1(r ∗)+ i
√

2l (l + 1)

r ∗
f l̇

1,1(r
∗) = 0,

−2
d f l̇

1,−1(r ∗)
dr∗

+ 1

r ∗
f l̇

1,−1(r ∗)+ i
√

2l (l + 1)

r ∗
f l̇

1,0(r
∗)

+ i
√

2l (l + 1)

r ∗
f l̇

0,0(r
∗) = 0, (146)

It is easy to see that in the system (147) there are two superfluous compo-
nents f l

0,0(r ) and f l̇
0,0(r

∗). The requirementf l
0,0(r ) = f l̇

0,0(r
∗) = 0 gives rise to

f l
1,−1(r ) = f l

1,1(r ) and f l̇
1,−1(r ∗) = f l̇

1,1(r
∗) (it follows from the second and fourth

equations). Taking into account these relations we can rewrite the system (147) as
follows

2
d f l

1,1(r )

dr
− 1

r
f l

1,1(r )− i
√

2l̇ (l̇ + 1)

r
f l

1,0(r ) = 0,

−2
d f l

1,−1(r )

dr
+ 1

r
f l

1,−1(r )+ i
√

2l̇ (l̇ + 1)

r
f l

1,0(r ) = 0,

2
d f l̇

1,1(r
∗)

dr∗
− 1

r ∗
f l̇

1,1(r
∗)− i

√
2l (l + 1)

r ∗
f l̇

1,0(r
∗) = 0,

−2
d f l̇

1,−1(r ∗)
dr∗

+ 1

r ∗
f l̇

1,−1(r ∗)+ i
√

2l (l + 1)

r ∗
f l̇

1,0(r
∗) = 0, (147)
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Solutions of the system (148) also can be expressed via the Bessel functions of
integer order:

f l
1,1(r ) = f l

1,−1(r ) = c1

∞∑
k=0

(−1)k22k0(k+ 1)0(−l̇ + k+ 1)(2
√

r )l̇−1J−l̇ (2
√

r ),

f l
1,0(r ) = c2√

2l̇ (l̇ + 1)

∞∑
k=0

(−1)k(2k− 3)22k0(k+ 1)0(−l̇ + k+ 1)

× (2
√

r )l̇ J−l̇ (2
√

r ),

f l̇
1,1(r

∗) = f l̇
1,−1(r ∗) = ċ1

∞∑
k=0

(−1)k22k0(k+ 1)0(−l + k+ 1)(2
√

r ∗)l−1

× J−l (2
√

r ∗),

f l̇
1,0(r

∗) = ċ2√
2l (l + 1)

∞∑
k=0

(−1)k(2k− 3)22k0(k+ 1)0(−l + k+ 1)

× (2
√

r ∗)l J−l (2
√

r ∗),

where

J−ν(z) =
∞∑

k=0

(−1)k

0(k+ 1)0(−ν + k+ 1)

( z

2

)−ν+2k
.

In such a way, solutions of the Maxwell equations in vacuum are

ψ1(r, ϕc, θc) = f l
1,1(r )Ml

1,n(ϕ, ε, θ , τ, 0, 0),

ψ2(r, ϕc, θc) = f l
1,0(r )Ml

0,n(ϕ, ε, θ , τ, 0, 0),

ψ3(r, ϕc, θc) = f l
1,−1(r )Ml

−1,n(ϕ, ε, θ , τ, 0, 0),

ψ̇1(r ∗, ϕ̇c, θ̇c) = f l̇
1,1(r

∗)Ml̇
1,ṅ(ϕ, ε, θ , τ, 0, 0),

ψ̇2(r ∗, ϕ̇c, θ̇c) = f l̇
1,0(r

∗)Ml̇
1,ṅ(ϕ, ε, θ , τ, 0, 0),

ψ̇3(r ∗, ϕ̇c, θ̇c) = f l̇
1,−1(r ∗)Ml̇

1,ṅ(ϕ, ε, θ , τ, 0, 0),

where

l = 1, 2, 3; n = −l ,−l + 1, . . . , l ;

l̇ = 1, 2, 3; ṅ = −l̇ ,−l̇ + 1, . . . , l̇ ,

M
l
±1,n(ϕ, ε, θ , τ, 0, 0)= e∓(ε+iϕ) Zl

±1,n(θ , τ ),
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Zl
±1,n(θ , τ ) = cos2l θ

2
cosh2l τ

2

l∑
k=−l

i±
1
2−k tan±1−k θ

2
tanhn−k τ

2

× 2F1

(±1− l + 1, 1− l − k
±1− k+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
n− l + 1, 1− l − k

n− k+ 1

∣∣∣tanh2 τ

2

)
,

M
l
0,n, (ϕ, ε, θ , τ, 0, 0)= Zl

0,n(θ , τ ),

Zl
0,n(θ , τ ) = cos2l θ

2
cosh2l̇ τ

2

l∑
k=−l

i−k tan−k θ

2
tanhn−k τ

2

× 2F1

(−l + 1, 1− l − k
−k+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
n− l + 1, 1− l − k

n− k+ 1

∣∣∣tanh2 τ

2

)
,

M
l̇
±1,ṅ, (ϕ, ε, θ , τ, 0, 0)= e∓(ε+iϕ)Zl̇

±1,ṅ(θ , τ ),

Zl̇
0,ṅ(θ , τ ) = cos2l̇ θ

2
cosh2l̇ τ

2

l̇∑
k̇=−l̇

i±−k̇ tan±1−k̇ θ

2
tanhṅ−k̇ τ

2

× 2F1

(±1− l̇ + 1, 1− l̇ − k̇
±1− k̇+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
ṅ− l̇ + 1, 1− l̇ − k̇

ṅ− k̇+ 1

∣∣∣tanh2 τ

2

)
,

M
l̇
0,ṅ, (ϕ, ε, θ , τ, 0, 0)= Zl̇

0,ṅ(θ , τ ),

Zl̇
0,ṅ(θ , τ ) = cos2l̇ θ

2
cosh2l̇ τ

2

l̇∑
k̇=−l̇

i±−k̇ tan−k̇ θ

2
tanhṅ−k̇ τ

2

× 2F1

(−l̇ + 1, 1− l̇ − k̇
−k̇+ 1

∣∣∣∣i 2 tan2 θ

2

)
× 2F1

(
ṅ− l̇ + 1, 1− l̇ − k̇

ṅ− k̇+ 1

∣∣∣tanh2 τ

2

)
,
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Moving further on the general Bose- and Fermi-schemes of the interlocking
representations (76) and (77), we can obtain in the same way solutions of all other
higher-spin equations in terms of the functions on the Lorentz group.
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