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General Solutions of Relativistic Wave Equations
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General solutions of relativistic wave equations are studied in terms of functions on the
Lorentz group. A close relationship between hyperspherical functions and matrix ele-
ments of irreducible representations of the Lorentz group is established. A generalization
of the Gel'fand—-Yaglom theory for higher-spin equations is given. A two-dimensional
complex sphere is associated with each point of Minkowski spacetime. The separation
of variables in a general relativistically invariant system is obtained via the hyperspheri-
cal functions defined on the surface of the two-dimensional complex sphere. In virtue of
this the wave functions are represented in the form of series in hyperspherical functions.
Such a description allows one to consider all the physical fields on an equal footing.
General solutions of the Dirac and Weyl equations, and also the Maxwell equations
in the Majorana—Oppenheimer form, are given in terms of functions on the Lorentz
group.

KEY WORDS: relativistic wave equations; Lorentz group; Gel'fand—Yaglom chains;
hyperspherical functions; two-dimensional complex sphere.

1. INTRODUCTION

Traditionally, equations of motion play a basic role in physics. Relativistic
wave equations (RWE) play the same role in quantum field theory. The wave
function (main object of quantum theory) is a solution of RWE. For that reason
all textbooks on quantum field theory began with a brief introduction to RWE. As
a rule, solutions of the Dirac equations are represented by plane-wave solutions
(see for example (Schweber, 1961), and also many other textbooks). However,
the plane-wave solutions are strongly degenerate. These solutions do not contain
parameters of the Lorentz group and weakly reflect a relativistic nature of the wave
function described by the Dirac equations.

In the present paper general solutions of RWE are given in the form of se-
ries of hyperspherical functions. In turn, matrix elements of irreducible repre-
sentations of the Lorentz group are expressed via the hyperspherical functions
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(for more details see recent paper (Varlamov, 2002b)). By this reason the wave
function hardly depends on the parameters of the Lorentz group. Moreover, it
allows to consider solutions of RWE as the functions on the Lorentz group.

A starting point of the research is an isomorphi§h(2, C) ~ complex
(SU(2)), that is, the grous L(2, C) is a complexification ofSU(2). The well-
known Van der Waerden representation for the Lorentz group (Van der Waerden,
1932) is a direct consequence of this isomorphism.

The following important point of the presentresearch is a generalization of the
Gel'fand-Yaglom formalism. In accordance with the fundamental isomorphism
SL(2, C) ~ complex(SU(2)), ageneral relativistically invariant system is obtained
as the result of complexification of three-dimensional Gel'fand—Yaglom equations.
Further, a correspondence of the obtained invariant system with four-dimensional
Gel'fand-Yaglom equations is established via the mapping of complexified equa-
tions into a six-dimensional bivector spake associated with the each point of
the Minkowski spacetim&?-3,

The following step is a separation of variables in the relativistically invariant
system. At this point, all the variables are parameters of the Lorentz group. The
main tool for separation of variables is a two-dimensional complex sphere (this
sphere was firstly considered by Smorodinsky and Huszar at the study of helicity
states (Smorodinsky and Huszar, 1970)). Hyperspherical functions, defined on the
surface of the two-dimensional complex sphere, allow to separate variables in the
general relativistically invariant system.

Group theoretical description of RWE allows to present all the physical fields
on an equal footing. Namely, all these fields are the functions on the Lorentz
group. For example, in the sections 4—6 solutions of the Dirac, Weyl, and Maxwell
equations, which considered as the particular cases of the general relativistically
invariant system, are represented via the hyperspherical series in terms of the
functions on the Lorentz group.

2. LORENTZ GROUP AND HYPERSPHERICAL FUNCTIONS
2.1. Van der Waerden Representation of the Lorentz Group

Letg — Tg be an arbitrary linear representation of the proper orthochronous
Lorentz group® . and letA; (t) = Ty« be an infinitesimal operator corresponded
the rotationg; (t) € & .. Analogously, we hav8; (t) = Ty (t), whereb; (t) e &, is
a hyperbolic rotation. The operatoks andB; satisfy the following commutation
relationg:

2Denotingl2 = Ay, 11 = A, 112= A3, andI®? = By, 192 = B,, 193 = B3 we acn write the relations (1)
in a more compact from:

VoA A A v,
[|/J' N p] :SW)I P Sy I —SW)W —Sﬂxl .
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[AL Al =As, [Ax Azl =A1,  [As Al = Ay,
[B1, Bo] = —As, [B2, B3] = —A1, [B3, Bi] = —Ay,
[A1,B1] =0, [A2, By] =0, [As, B3] =0,
[A1,B2] =Bs,  [A1, B3] = By, 1)
[AZ! B3] = Blv [AZ! Bl] = _B3!
[Asz, B1] = By, [As, Bo] = —Bs.
Let us consider the operators
1 _ 1 .
Xk - E(Ak + | Bk)v Yk - E(Ak - IBK)! (k = 1! 21 3) (2)
Using the relations (1) we find that
[X1, Xo] = X3, [X2, X3] = X, [X2, X1] = X,
[Yi. Y2l =Y3  [Y2,Ys]=Y1,  [Y5 Y=Y,
Xk, YI]=0, 1=1,2,3) (3
Further, taking
Xy =X 41Xy, X=X —iXy, @)
Y+=Y1+iY2, Y_=Y1—-iYy

we see that in virtue of commutativity of the relations (3) a space of an irreducible
finite-dimensional representation of the gratip can be stretched on the totality

of (2 +1)(2 + 1) basis vectordl, m;|, m), wherel, m, |, m are integer or half-
integer numbers;-| <m<I, —I <m<I. Therefore,

Xl myi, iy = /(0 4wy — e+ D, my i, = 1) > ),

X ll, mi, iy = /(0 — m)(i + e+ DI, mid, e 1y < ),

)
Xall, m; i, ) = m|l, m;1, m),
Y_[l, i, i) = /U +m)( —m+ 1)1, m—1;i, my(h > —),
Yol i, m) = /0 —m)( +m+ D, m+ 10, my(m < 1),
Yall, m;i, i) = m|l, m;i, ). (5)

From the relations (3) it follows that each of the sets of infinitisimal operatersd

Y generates the groupU(2) and these two groups commute with each other. Thus,
from the relations (3) and (5) it follows that the gro#ip, in essence, is equivalent

to the groupSU(2) ® SU(2). In contrast to the Gel'fand—Naimark representation
for the Lorentz group (Gel'fandt al, 1963; Naimark, 1964) which does not find

a broad application in physics, a representation (5) is a most useful in theoretical
physics (see, for example, Akhiezer and Berestetskii, 1965; Rumer and Fet, 1977;
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Ryder, 1985; Schweber, 1961). This representation for the Lorentz group was

firstly given by Van der Waerden in his brilliant book (Ven der Waerden, 1932).
As known, a double covering of the proper orthochronous Lorentz géauyp

the groupSL(2, C), is isomorphic to the Clifford—Lipschitz grouppin, (1, 3),

which, in its turn, is fully defined within a biquaternion algeltra since

Spin, (1, 3)~ {(Z f) € C:det= (;’/‘ ’?) - 1} — SL(2,0).

Thus, a fundamental representation of the grdupis realized in a spinspace
S,. The spinspacs; is a complexification of the minimal left ideal of the algebra
C2:$2=C®12,0=C®Cly0e00rS;=C®111=CR®Cl11€11(CR1p2=C®
Clo,2602), whereCl, 4(p+ g =2) is a real subalgebra @b, |, q is the minimal
left ideal of the algebr& £y, 4, €pq is @ primitive idempotent.

Further, let:; be the biquaternion algebra, in which all the coefficients are
complex conjugate to the coefficients of the algebyaThe algebra is obtained
from C, under action of the automorphispgh— A* (involution) or the antiauto-
morphismA — A (reversal), whered eC, (see (Varlamov, 1999, 2001)). Let us
compose a tensor productlofilgebrasC, andr algebrag,:

CRC® - ®CRCRC® - @ Co~Cx ® Cy. (6)
The tensor product (6) induces a spinspace
050 0505058 - ®S; =S @)

with “vectors” (spintensors) of the form
goae izt = N N QER Q.. QEN RET REN R - ®ET.  (8)

The full representation spa&ex contains both symmetric and antisymmetric
spintensors (8). Usually, at the definition of irreducible finite-dimensional repre-
sentations of the Lorentz group physicists confined to a subspace of symmetric
spintensors Symi(r) C SE’” . Dimension of Syn¥, r) is equal tok + 1)(r + 1) or
@+1@A'+1)atl = 'g I :%. Itis easy to see that the space Skmy{ is a space

of Van der Waerden representation (5). The space Bym¢an be considered as

a space of polynomials

_ 1 o _ _
P(20, 21, 20, 21) = Z Wa“l“‘“k“l"'“'zal---zakzc-,l---za-, (o, =0,1),

(og,ek)
(@q,ar)

9)
where the numberg®*1* gre unaffected at the permutations of indices.
The infinitesimal operatord\;, defined on the symmetric representation
spaces, have the form

| |
A= _Ealngmfl - EO‘:nJrlgmH'
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where

1 1

Ay = Ea:nfmfl - Ea:n+1§m+ly

AS = —imf;‘m,

o=/ +m)( —m+ 1),

587

(10)

andg; are vectors of a canonical basis in the representation space. Or, in the matrix

notation:

Al

A} =

T 0 ayu O - 0 0]
O j+1 0 Olj42 - 0 0
il 0 ey O 0 o
2|
0 0 0 0«
L0 0 0 ar, O]
T 0wy O 0 07
—O0 |41 0 O|j42 0 0
0 aysy O 0o o0
0 0 0 0«
L 0 0 0 —()t|J 0
il 0 0o 0 0
0 i(j-1) O 0 0
0 0 (-2 - 0 0
0 0 0 —i(j-1) o0
0 0 0 0 —jl;

Further, for the operatoi®; =iA; we have

1 | 1 |
B1 = E“mSm—l + 5“m+l€m+1v
i i
Bz = Ea:n‘fmfl - Ea:mlégmﬂy
Bs = mém.

(11)

(12)

(13)

(14)
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Analogously, infinitesimal operators for conjugate representations, in dual repre-
sentation spaces, are defined by following formulae

i i
AL = Ealmém,l + éa:mrl‘fmﬂ,

” 1, 1,
Ay = _éamgm—l + Edm+1ém+1,

A3 = imém, (15)
~ 1 1

B1 = _éalmgm—l - Ealm+1§m+1.

~ i i

B, = _éa:ngmfl + Ea:nJrlSerly

2.2. Matrix Elements of SU(2) and SL(2, C)

One-parameter subgroups®t(2) are defined by the matrices

cost isind
al(t)=<_ 2 f),
isiny cos}
cost —sind ez 0
at)=| | J] &)= — 17)

An arbitrary matrixu € SU(2) written via Euler angles has a form

o ile+y) ie—v)
o B cosie 2 i sing e
u=y » .| = W) itesn) |0 (18)
B «a i sin Qe cos%e
where O<¢ < 27, 0< < 7w, —27 <y < 27w, detu=1. Hence it follows that

loe| =
0 )
cos3, and|B| = sin3 and

cosd = 2Ja|? -1, (19)
i(p _ aﬁl

&= Tl (20)

et 2" 1)

||
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Diagonal matrices

form one-parameter subgroup in the gro8p)(2). Therefore, each matriu €
SU(2) belongs to a bilateral adjacency class contained the matrix

cos§ isin

ising cost |
The matrix elemert}, ;= e~ (M+") (T, (9) ¥, ¥m) Of the groupSU(2) in the poly-
nomial basis

l—n
wn(g)er(l_”+§l)F(l+n+l) —l<n<l,
where
TOWE) = (i sinlr + O)w(f;)
2 2) "\i'sing¢ + cosg )’
has a form

tn(@) = €7 ™ TYNT(0) Y, Yim)
B e—i(mgoJrnw)(Tl (9)§|7n§|7m)
CTT—m+ i +m+ Or —n+Or +n+1)
= e MmN /P —m4+)r( +m+1)r( —n+1)r( +n+1)

9 min( —n,l+n)

0
x co& > tar™" —

j=max(0n—m)
i2) tart) &
X — _ 2 - . (22)
rg+urd-m—-j+0rd+n—j+1)r(m—n+j +1)
Further, using the formula
“F F(y) < Do+ KB +k) 2
2F1 Z o (23)

TT@rB & Tr+k W

im-ng-ime+ny) P 4 m4+ ( —n+1

rm—-n+)\VI'( —m+1r(+n+1)

0 0
x cod > tar™ " §F1
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(m—I+L1—I—n
X
m—-n+1

. , 24
i2 tar? %) (24)

wherem > n. At m < nin the right part of (24) it needs to replageandn by —m
and—n, respectively. Sinck m, andn are finite numbers, then the hypergeometric
series is interrupted.

Further, replacing in the one-parameter subgroups (17) the paraimster
—it we obtain

cosht sinhi cosht i sinhi
bl(t)=< g 2), bz(t)z( 2 2>,

sinh  cosh} —i sinh}  cosh}

e 0
bs(t) = (0 e_tz) . (25)

These subgroups correspond to hyperbolic rotations.
The groupSL(2, C) of all complex matrices

o p

y 6
of 2nd order with the determinaat — y8 = 1, is acomplexificatiorof the group
SU2). The groupSU2) is one of the real forms @L(2, C). The transition from
SUY(2) to SI(2, C) is realized via the complexification of three real parameters

¢, 0,y (Euler angles). Lef® =0 —it, ¢° = ¢ —ig;¥® = —ie be complex
Euler angles, where

0<Re&® =0 <, —00 < Imé® =1 < +00,
0 < Rep® = ¢ < 2, —00 < Img°® =€ < 400,
—27 < Rey® = < 2, —00 < Imy® = ¢ < +o0.

Replacing in (18) the angles 6, ¢ by the complex angleg®, 6¢, 1¢ we come
to the following matrix

ge iStv® . . opge 1Sy
Cos5 e 2 I sinz e =
8=\, . e it ge __iCy®)
I sinze = Cos5 €

ete+i(p+y)

[ T P einf o T
_ ([cosE coshf +i sin§ sinhZ]e™ 2

e—e+i(p+y)

% H T H Ry’ T
[cosS sinh% +i sing coshi]e

(26)

—e—e—ilo+y)

0 i T Fain @ T eetilp—v)
[cosS sinh% +i sin§ coshi]e 2 )

0 T H H T
[cos§ coshf +i sing sinhi]e
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since
1 0 T 0 T 1
cos—(0 —it) = cos= cosh= +i sin= sinh=, and sinh-(6 —irt
2( ) 2 2 2 2 2( )

= sine coshf i cosg sinhT
T2 2 2 2

It is easy to verify that the matrix (26) coincides with a matrix of the fundamental
representation of the grougl(2, C) (in Euler parametrization):

( 6t e) €z 0 ez 0 cos§ i sing

y€6,0,T, y ) = i € H H

o 0 et/\0 e:)\isinf cos§
0

coshy sinhf) [d% 0 es
x| 2 2 -, ). @7
sinh3  cosh; 0 ez 0 e:

The matrix elementt;,, = e"™cHO=NEHN (T (9, 1)y, ¥2) of the finite-
dimensional representation 8£(2, C) atl = | in the polynomial basis

é.l—né-l—m

V¢, ¢) = JTT—n+ D0 +n+ D0 —m+ DI +m+1)

has a form

trlnn(g) — efm(e+i¢),n(s+i w)Z:nn — efm(e+<p)fn(s+i ¥)

|
x Y AT —m+ I +m+ DO —k+ Dr( +k+ 1)
k=—I

0 0
cod ~tarm k=
x 2 2

min( —m,l +k) i2j taan [
2

j:maXX((;k_m) FrG+urd-—m—-j+0rd+k—j+1r(m—-k+j+1)

X

x VT —n+ 00 +n+ O —k+ (0 + k + 1) cosR % tanH %

in(l—n,l+K T
min( —n,|-+k) tanf?si
Fs+1)r(—n—s+1rd +k—s+1)r(n—k+s+1)

(28)

X
s=max(0k—n)
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We will call the functionsz!. . in (28) ashyperspherical functionsJsing (23) we
can write the hyperspherical functiongZ!,, via the hypergeometric
series:

0 T ! % T
| | | :m—k —k —k
Z,,, = COS > cosHt > kE_I i" " tarl > tanH 5

m—1+1,1-1—k|i2%tarf}
x 2F1 m—k+1
n—l+1,1-1—k|tanifZ
xza( n*_k+1 2). (29)

Therefore, matrix elements can be expressed by means of the furectigmér-
alized hyperspherical functign

ann(g) — e—m(€+i @) Zane—n(€+i v) , (30)

where

|
Zyn= Y Pri(cost) P (coshr), (31)
k=—I

here Pr'nn(cose) is a generalized spherical function on the grdsil2) (see
Gel'fand et al, 1963), and3., is an analog of the generalized spherical func-
tion for the groupQU(2) (so-called Jacobi function (Vilenkin, 1968DU(2) is a
group of quasiunitary unimodular matrices of second order. As well as the group
SU2), the grougU(2) is one of the real forms &L(2, C) (QU(2) is noncompact).

Infinitesimal operators of the growp, can be expressed via the Euler angles
as follows (for detailed deriving of these formulae see (Varlamov, 2002b))

0 siny® 9 . 0
A; = cosy®— + — AN cotf siny®—, (32)
a0  sinfc d¢ Y
. 0 cosy® 9 a
Ay = —siny®— + — Vo cotd€ cosyr®—, (33)
a0  sing® dgp oY
0
Az = —, (34)
oy
d siny®d . 0
B, = cosy®— . — —cothsiny®—, 35
! 4 ot + Sing°¢ de v de (35)
. 9 cosy°® 9 0
B, = —siny®— _ — — coth®cosyt—, 36
2 V3 T sings ae Ve (36)

0
B; = —. (37)
de
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It is easy to verify that operatois;, B;, defined by the formulae (32)-(37), are
satisfy the commutation relations (1).

2.3. Casimir Operators and Differential Equations
for Hyperspherical Functions

Taking into account the expressions (32)—(37), we can write the operators (2)
in the form

X1 = cosy© + siny” cotdC siny° (38)
v 90° " SingC dgc axpC’
0 cosy© 0
Xo = —siny®— —— — cot#®cosy© , 39
v a0°¢ + singc dw° 4 ayPc (39)
ad
Xz =—, 40
3= Gye (40)
siny® 9 a
Y1 = cosyr®— ——cot9°sm — 41
! ]// 06°¢ + singe bl I/f dyc’ (41)
0 cosy® 9 0
Yo = —siny®— — — cotf°cosy®—— 42
Iﬁ a0°¢ + sinec 9¢° w aye’ (42)
d
Ys= —, (43)
e
where
0 _1(a .9 0 _1(a .0 o _1(2 ;9
agc 2\ a0 ot ) 892 2\dp de /) ayc  2\ay  9e)’
0 _1(8 .0 0 _ 19 .9 o _1(0 ;0\
agc — 2\a0 ot ) 32 2\ae e © gy 2\ay e

As known, for the Lorentz group there are two independent Casimir operators

1 .
X2 =X3 4+ X5+ X5 = 21(A2 — B? + 2iAB),

1 .
Y2=Y24Y34Yi= Z(Az — B? 4 2iAB). (44)
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Substituting (38)—(43) into (44) we obtain in Euler parametrization for the Casimir
operators the following expressions

, 07 ¢ 0 1 32 c 9 0 32
X = 2+cot9—+ — 2c09" — +—= 1
96° 30° ' sir? ¢ | 9p°2 g Y  JYe?
92 9 1 92 9 9 92
Y? = + cotf®— + [ —2co¥°— + ] (45)
96¢c2 90¢ ' siroc| 0g%2 AQC Y YR

Matrix elements of unitary irreducible representations of the Lorentz group are
eigenfunctions of the operators (45):

[X? + 131+ 1), (¢, 6%, ¥©) = 0,
[Y2 (i + 1)1 (95, 65, ) = 0, (46)
where
M (0©, 66, ¥©) = e M +mIZL (50,
My (§°, 6%, ) = &7 W HNIZL,(6°). (47)

Substituting the hyperspherical functions (47) into (46) and taking into account
the operators (45) we obtain

d? d m?+n?—2mncos®
[d@cz +co 9°% - P +10 + 1)}z'mn(9°) =0,
d? cd M4 n?—2mncosd® P
L oo e e i+ D29 =0

Finally, after substitutiong= cos#® and z= cos#° we come to the following
differential equations

d m?+n?-3mnz
1- 2__2 ——+1(+1 —
[( )d22 dz 1- 2 +1( + )} mn(@rccos) = 0,
2 d? d 22 3mhy . . *
[(1 m+n—2mnz +1( + 1)} Z\ .(arccog) = 0.
d7’ dz 1—7%

2.4. Recurrence Relations Between Hyperspherical Functions

Between generalized hyperspherical functidils, (and also the hyperspher-
ical functionsz!, ) there exists a wide variety of recurrence relations. Part of them
relates the hyperspherical functions of one and the same order (with idétical
other part relates the functions of different orders (for more details see (Varlamov,
2002by)).
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Invirtue of the Van der Waerden representation (5) the recurrence formulae for
the hyperspherical functions of one and the same order follow from the equalities

| G| - . - |
X_Mpn = anmm'nfl, XM = an+lmm,n+1! (48)
Y—mlmn = anmlm,n—lv Y4-9:n|mn = O‘ﬁ-*-lg:nlm,n-&-l! (49)

where

an=Ji+0)i—n+1),  w=ITmI-ntD

Using the formulae (32), (33), (35), and (36) we obtain

eV i cd .0 1 9 e 9
Xy =—|—+ — —icotd +1— — = — 4 cotg"— |,
2 |36 " sin6c oy 3y 9t Sin6° de 3¢ |

(50)
e Vg i 9 3 3 1 9 3]
Xo=—| = +icotf*— +i—+ ——— —coto°— |,
2 |36  sinocagp 3y 9t = Sin6° de 3¢ |

(51)
eV i 3 .9 1 9 3
Yi=—|—+—-——icotd°— —i— + ——— —cotf®*— |,
2 |36 " sin6cag 3y 9t = Sin6° de 3¢ |

(52)
eV i 9 d .9 1 9 3
Yo=—|— — +icotf®— —i— — ——— 4 cotd°— |.
2 |36  sin6cag 3y It Sin6° de 3¢ |

(53)

Further, substituting the functidnt!,, =e ™<-9z! (9, r)e "¢ ~¥) into the re-

lations (48) and taking into account the operators (50) and (51) we find that

aZ'rnn+i82'rnn_ 2(m — ncoss®) - |

30 It singe 2mn = 2nZmn -1, (54
azl a7 2(m — ncost°) ;| )
8gm+l B:n singe mn = 20422 m““ (55)

Since the functiong!, (4, r) are symmetric, that i&!., (9, 7) = Z\,..(6, 7), then
substltutlngznm(9 7)inlieu on »into the formulae (54) and (55) and replacing



596 Varlamov

m by n, andn by m, we obtain

Azl N 0Zp,  2(n — McosH®)

Zton = 20020 1o 56
20 ot sing° “mem—1n (56)
9z, .9Z\.  2(n—mcoss)_,
06 ' ar T singe Zmn = = 20 Zm s 1 ®7)
Analogously, for the relations (49) we have
. |
dZn . 9Zn,  2(n—mcosH®) -
00 ' ar T singc Zmn = 2amZm Lo (58)
| &
0Z . 0Z 2(n — mcosh®) -
agn - a;nn a singe = 201210 (59)

3. TWO-DIMENSIONAL COMPLEX SPHERE AND SEPARATION
OF VARIABLES

3.1. Generalized Gel'fand-Yaglom Equations

In the three-dimensional Euclidear spak@ the functionsy (X1, Xz, X3),
Ya(Xq, X2, X3), - .., ¥n(X1, X2, X3) satisfy the following system of invariant (under
action of the grousU(2)) equations (Gel'fandt al., 1963):

3
Z a—w v =0, (60)

wherel; aren-dimensional matrices andis a number. Follows to the general
group complexificatiorSL(2, C) ~ complex(SWU2)) let us introduce a complex
analog of the equations (60) in the three-dimensional complex gpace

=0,

Zi: '3_w_'ZA'
>

% LAy ZAI aN* =0, (61)

whereA;j, Aj aren-dimensional matrices and® is a complex number. We will
call these equations generalized Gel'fand-Yaglom equations
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The elements of the matrices, A" are

k'K
aI —-1l,m-1m

KK
ammem
K’k
®+1Lm—Lm
Kk
al -1, m+1m
'k
QLm+Lm
k'K
@+1Lm+Lm

’

bKK

1 —1,,m—1m

«' K

I,I,m—1,m

«' K
Q+1Lm—Lm

i’ i
| —1,,m+1m

’

bKK

I,I,m+1,m

« K
I +1l,m+1m

A3z

dkk

K’k
di,i,mfl,m

d-k,k

dkk
K'k

di,i,m+1,r'n

d.k’k

i—1,l,m—1,m

i—1,i,m—1,m

i—1,I,m+1,m

i+1,i,m+1,m

—C"z“ JTTmi+m-1),
SV+m—m+1),

L = m+ D0 -m+2),
c

5/ =m)( —m=1),
VM D=,

—q+21" JO+m+ 10 +m+2).
—iC';" JTTmi+m-1),

i°7”\/(| +m)( —m+ 1),

ic'%“\/a —m+ 1) —m+2),
O m )

—i%”\/a +m+ 1)1 —m),

1Cl 41,

VIE+m+1)(0 +m+2).

2
CIK/—Kl,I,m CIK/—Kl,IV 12 —m2,
Gfm = G'm
Qiym = C|K/+K1,|v (I + 17 —m2

—IV( i —m—1),
IV + ) —m+1),
/(- m+ 1) —m+2),
V(= m)(l —m—1),

SV + ) — ),

—3H /(1 + M+ 1)( + M+ 2).
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(62)

(63)

(64)

(65)
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qk;kl,i,mfl,m
s

qkl(l,i,r'n—l,m
qk;kl,i,r'n+1,m

Kk
& ne1m

Kk
Q+1,I,rh+1,r'n

i
i %im
fkk
II,m

ki
i Lim

A3
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—EH i+ iy - 1),
GV + i —m+ 1),
St /T —m+ 1) — m+2),
. - (66)
2L/ =)l —m— 1),
=G+ o+ 1) - m),
_icl%u\/a +m+ 1) +m+2).

Cl_kl_/km, (67)

The commutation relations between the matricks A7 and infinitesimal

operators (10), (14)—(16) are

[A1, A1l =0, [A1, A2l = Az, [A1, Az, = — Ay,

[A21 Al] = _A31 [AZ! AZ] = Ov [A21 A3] = All (68)
[As, A1l = Az, [As, A2l = —A1, [As, A3zl =0.

[B1, A1l =0, [B1, A2l =iA3, [B1, As], = —iAy,

[821 Al] = _iA31 [821 A2] = 01 [BZ! A3] = iAlv (69)
[B3, A1l =iA2, [Bs, Ag] = —iA1, [Bs, Azl =0.

[A1, A5l =0, [A, A3l = =A% [Ag, Agl, = A},

[As, AZl = AL [An, A3l =0, [Ag As] = —Aj, (70)
[As, Afl = —A3  [As, A3l =A%, [As, A3l =0.

[B1 A}l =0, [By, A3l =—iA} [Bi A3l =iA},

[Bo, AZ] =iA%  [By A}l =0, [Ba A% =—iAL (71)

[Bs, AX] = —i A3,

[B3, A3l =iAy,

B3, A3] =0.
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Let us establish now an important relationship between the complexification
(61) and the four-dimensional Gel'fand-Yaglom formalism. As known, one of the
most powerful higher spin formalisms is a Gel'fand—Yaglom approach (Gel'fand
and Yaglom, 1948) based primarily on the representation theory of the Lorentz
group. In contrast to the Bargmann-Wigner and Joos—Weinberg formalisms, the
main advantage of the Gel'fand-Yaglom formalism lies in the fact that it admits
naturally a Lagrangian formulation. Indeed, an initial point of this theory is the
following lagrangian (Akhiezer and Berestetskii, 1965; Gel'fatdal., 1963;
Gel'fand and Yaglom, 1948):
1(— Yy oY

= _E 1//1‘“@ - EF/H[/> _waa (72)

L

whererl’,, aren-dimensional matrices,equals to the number of components of the
wave functiony. Varying independently the functions andy one gets general
Dirac-like (Gel'fand and Yaglom (1948)) equations

oY

r,— =0,
" ax, kg
G _

r'—— —xy =0. 73

", Ky (73)

As it shown in (Gel'fandet al, 1963) (see also (Amar and Dozzio, 1972;
Pletyukhov and Strazhev, 1983)) the maffixin 4D Gel'fand—Yaglom equations
(73) can be written in the form

Fo=diagC’® 11, C'® I3,...,C°® lass1, ...) (74)

for integer spin and

To=diag(C? ® 1,C2 ® lg,...,C3® losy, ...) (75)

for half-integer spin, wher€s is a spin block. If the spin block® has non-null
roots, then the particle possesses the spifhe spin blockC*® in (74) and (75)
consists of the elementg,,, wherer, |, and 7, are interlocking irreducible
representations of the Lorentz group, that is, such representations, forl{vkich
I+ 2,15 = I, & 3. At this point the blockC® contains only the elements,,
corresponding to such interlocking representatians, «: , which satisfy the
conditions

a1
1’|2

la—ll <s<li+Ly [II—15<s=<Ii+]15
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The two most full schemes of the interlocking irreducible representations of the
Lorentz group (Gelfand-Yaglom chains) for integer (scheme (76)) and half-
integer (scheme (77)) spins are

(5,00 — ---

2,0) — . — <i23;2> _

(1,0) — (g%) - (1215;21> o
(0,00 — (%%) — L1 — e — (;;) _
0,1) — (%g) . _<S;21i21> _

0,2 — . — (5—2,s+2> o

0,5) —

(76)
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(S,O) _ ...

30 2s+3 2s-3
() — - - (B2 -
|

11 2s+1 2s-1
() — - 22 -
|

pI—G) — - - (222

| |
(o,§> - (25—3'Zs+3> ~
2 4 ‘ 4

(O! S) -

(77)

3.2. Bivector SpaceR®

We will establish a relationship between complex equations (61) and 4D
Gel'fand-Yaglom formalism by means of the mapping of the equations (73) onto
a bivector spac®&®.

Let RP9 be then-dimensional pseudo-Euclidean spapet g = n. Let us
evolve inRP 9 all the tensors satisfying the following two conditions: (1) a rank of
the tensorsis even; (2) covariant and contravariant indexes are divided into separate
skewsymmetric pairs. Such tensors can be exemplified by bivectors (skewsymmet-
ric tensors of the second rank). The set of all bivector tensor fiel@$ fhis called
a bivector setand its representation in a given poinfo} is calleda local bivec-
tor set. In any tensor from the bivector set we take the each skewsymmetric pair
af as one collective index. At this point from the two possible pagsand S«
we fix only one, for exampleys. The number of all collective indexes is equal to
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N = @ In a given point, the bivector set of the sp&&®&? with contravariant
components defines in the collective indexes a vector set, the each vector of this
set had\ components. Identifying these vectors with the pointsledimensional
manifold, we see that it be an affine manifd if and only if this manifold
admits a Klein geometry with the group

a a a a a a
n® = Agn°, n® = A n%,

detAY 0, aAY =52,
where
a o B
AL — AL A

Thus, any local bivector set of the spaR&9(p + g = n) can be mapped onto

the affine spac&N. Therefore EN related with the each point of the spaR&®.

The spaceEN is calleda bivector spacelt should be noted that the bivector

space is a particular case of the most general mathematical construction called a

Grassmannian manifold (manifold wfdimensional planes of the affine space). In

the casen = 2 the manifold of two-dimensional planes is isometric to the bivector

space, and the Grassmann coordinates in this case are called Pluecker coordinates.
The metrization of the bivector spaEe is given by the formula (see (Petrov,

1969))

Gab —> Gupys = Guy I8y — Gus sy (78)

whereg,s is a metric tensor of the spa@”, and the collective indexes are
skewsymmetric pairg8 — a, y§ — b. After introduction ofgap,, the bivector
affine spacé&N is transformed to a metric spaBé'.

In the case of Minkowski spacetini"3 with the metric tensor

1 0 o0
|l o-1 0 o0
%=1 0 0 -1 o

0 0 0 -1

in virtue of (78) we obtain for the bivector spai&:

1 0 00 0
0 -1 000 0
0 0 -1000

%=1 9 0 0100 (79)
0 0 0010
0O 0 00 0
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where the order of collective indexesif is 23— 0, 10— 1, 20— 2, 30— 3,
31— 4, 12— 5. Asit shown in (Kagan, 1926), the Lorentz transformations can
be represented by linear transformations of the sAcket us write an invariance
condition of the system (61). Lgt X’ = g~'x be a transformation of the bivector
spacdRﬁ, thatisx’ = Zgzl ObaXb, Wherex = (Xq, Xz, X3, X1, X2, X3) andgp, is the
metric tensor (79). We can write the tensor (79) in the form

thenx’ = Y0, goX, X' = Y b_, 9 %. Replacingy via Ty’ 1y and differentia-
tion onx (%) by differentiation orx, (X,) via the formulae

9 9 ) L9
= 2% ar = 2%y
we obtain

i[gilAli(T i) | goa, oY) 7(T V)

g
+Gahe— T+ Gaha

—~ ox/ b
o 8(T_llﬂ/) - 8(T_11///) o 8(T_1w’) - ,
_IgilAlag*iXi/ —|gi—;A28%F—)q—|gi3A3 ag* i, +I(CT 1.[)0 = y
* * * -
: Tg¥) "(Tgv) "(Tgv)
9 A*—+g-‘A*7g+g-+A*+
; i1 I/ 2722 axi/ i343 8Xi/
(T (T (T )
"HgilAlTy(ir + 'gizAZT)“q + IgisA:»,W

+ieT gt =0,
Or, sinceTy is a constant matrix, we have

oy’
%

Z[gi‘lAnglaw, + 02Ty -1 w +g,3 3Ty ~1
i

19y’ 3y’ oy
— |g|1A1Tg e |g,2A2Tgla 2 |g|3A3Tgla *,]+KCT Ly’ =0,

0y 0y A
Z|:9|1 Tgl o% +g5A 2Tgl o% +g5A 3Tg1 0%
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*711[/
ga*/

,11/f

L £ 0
+ Ig;;.Al +IgIEA2T g % */ +Igl+3A3T gla~*/:|

+ieT gt =0,

For coincidence of the latter system with (61) we must multiply this system by
Tg(-Fg) from the left:

ZZQ&TQAKTQ a% _IZZgIkTgAk 81//*/ +x%y" =0,
i k
a !/
YD Gk TgAiT, a~/+IZZg.kTg (T a‘/’*/ﬂw
i k

The requirement of invariance means that for any transformatioetween the
matricesA(Ag) we must have the relations

Y G TgAkTg ! = A,
K

+ * 1 *
Y Gk Tg AT gt =47 (80)
K

In such a way, we see that the six-dimensional bivector spiéeassociated
with the each point of the Minkowski spacetinié 3. Using this fact we can
establish now a relationship between thematrices of the equations (61) and
I'-matrices of the Gel'fand—Yaglom equations (73). We have here two essentially
different cases:

1. The dimension of th&-matrices is evem = 0 (mod 2). In this case the
I'-matrices have the form

i Azm—l 0 i 0 Azm—l
I 1
[om= , Or Tom= 81
2 O sz—l 2 sz—l 0 ( )
| |

The A-matrices are expressed via (81) as follows

Aom1 = Aom1Aomi, Aom1= AomiAom1, Aomi= Aom1iAomi,
1 1 0 2 2 0 3 3 0

* * * * * *
A om-1 = A om-1 A om-1, A om-1 = A om-1 A om-1, A om-1 = A om-1 A om-1,
4 2 3 5 3 1 6 1 2

(82)
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2. n=1(mod 2). In this case a relationship betweensh@nd A-matrices
is

1o

1 0 2 0 3
n=Inln, n=InIn, n=InTn,

>
N>
wp>

2 3 3 1 1 2
I}n:l_'nrn, IS\nZFnFny ZG\nZFnFn- (83)

3.3. Separation of Variables in Generalized Gel'fand-Yaglom Equations

Let us construct it a two-dimensional complex sphere from the quantities
Zx = X +iyk, Ek = X — iyk as follows (see Fig. 1)

P=0+5+B=x>—y+2xy=r? (84)

and its complex conjugate (dual) sphere

*

22=22422422=x2 —y? —2ixy=r?2 (85)

It is well-known that both quantities?x- y2, xy are invariant with respect
to the Lorentz transformations, since a surface of the complex sphere is invariant

M, (7, 6°,0)

~~~~~~

mﬁgh(st’éc’O) g_/\
<g° =@+ 1€
6 =0 +ir

€¢c

Fig. 1. Two-dimensional complex spherd + 23 + 2% =

r2in three-dimensional complex spaé. The spac&? is
isometric to the bivector spa@®. The dual (complex con-
jugate) sphere{ + z5 4 z5 =1 “is amirrorimage of the
complex sphere with respect to the hyperplane. The hyper-
spherical functionQﬁ'mn(qzC, 6°, O)(‘.mlmh(¢°, 6°,0)) are
defined on the surface of the complex (dual) sphere.
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(Casimir operators of the Lorentz group are constructed from such quantities, see
also (44)). Itis easy to see that three-dimensional complex §paisésometric to
a real spac®>> with a basigie, i, i es, €4, &5, €. At this point a metric tensor
of R%*2 has the form (79). Hence it immediately follows tliZtis isometric to the
bivector spac&®.

Therefore, with the each point of the Minkowski spacetife® we can
associate the two-dimensional complex sphere and its conjugate.

Let us introduce now hyperspherical coordinates on the surfaces of the com-
plex and dual spheres

23 =r sind® cose®,  Zi =r* sinf® cosg®,
z, =r sin6®sing®, 5 =r* sinA° sing®,
Z3 =1 C0sHC, Z, =r" cost®, (86)

where 0°, ¢ are the complex Euler angles. Casimir operators on the two-
dimensional complex sphere (correspondingly, on the dual sphere) have the form

X? = 8° + cotp® J + 1 &
T 99 96 sinfgc 9%
92 .9 1 32
2= + cotg® (87)

: — .
302 36°  sinfgc 92
Hyperspherical function®!, (¢°, 6¢, 0) and... (¢S, 6°, 0), defined on the sur-

face of the two-dimensional complex sphere, are eigenfunctions of the operators
X% andY?:

[XZ + 1+ IMy(e°, 6%, 0) = 0,
[Y2+i(0 + 1) (%, 6%, 0) = 0 (88)

Substituting the function8t, (¢°, 6°, 0) = ™" Z! (6°), M (¢, 6°,0) =
e 'M*ZL (%) into (88) and taking into account the operators (87) we obtain
the following equations

2 2
[d— Footr0 — MLy 1)} Z,(6%) = 0,

doe? doc  sirfe
o - ™ i+ =0
W*‘CO %—W‘f‘(‘i‘) mn(0°) =0,

Or, introducing the substitutiors= cos6°¢, 7 = cosf® we find that

d? d m?
_ 7 _ _ | —
[(1 e e (G 1)} Z),(arc coz) = 0,
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2 2 o ) .
(= Ez)d—* —23% - m* +i( +1) | Z,(arc cogz) =
dz2 dz 1-2z2

The scalar product of the functiof&! - (¢, #¢, 0) and9t (¢, 6, 0), defined
on the complex shere, is given by an expression

/ doot ol / de de do dr sine® sind°m. (¢¢, 6, 0. (4°, 6°, 0)
with the integration limits
0<¢< 27, —o0 < € < 400,
0<6<m, —00 < 1< +o00.

Let us show that a solution of the generalized Gel'fand—Yaglom equations
(61), or the equations (73), can be found in the form of the series on generalized
hyperspherical functions considered in the previous section.

With this end in view let us transform the system (61) as follows. First of all,
let us define the derlvatlve%, 3¢ On the surface of the complex sphere (84) and

write them in the hyperspherlcal coordinates (86) as

0 sing® 9 cosp® cosh® 9 c 0
=7 — + cosy® sinf®—, 89
0X1 r sinf¢ ap + r 00 +eosy ar (89)
0 cosp® 9 sing®cosp® 9 d
— = S(p — 14 — +sing® sing®— (90)
dX2 I sSIinB¢ de r a6 or’
0 sing°® 9 0
— = — — 4 cosH®—. 91
0X3 r a0 + ar 1)
0 .0 sing® 9  cosp® sing® 3
== i co sm9° 92
Xy 0X1 r sinf°¢ de + r T + sp° » (92)
0 ) cosp® 3 sing® cosht 9 0
— = 7 i sin sm0° 93
oG axe  rsingeae T 1 g S - 93)
0 .0 sing® 9 . Bl
— = — +1i cost®—. (94)
X3 0X3 r ot ar

Analogously, on the surface of the dual sphere we have

) sing® 9 Ccosg® cosH® 3 o o oo 0
9 _ Sy’ 0 | COSp COSI" o cosg® sinf®—, (95)
%, r* singc dg r a0 ar=

9 _ cosg® d  sing® costC 9

(96)

d
— = — +sing°® sind°
aXo r* singc ago r* a6 ar*
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) sin6® 9 .0
— = — 4+ cosH®—. (97)
0X3 r« 00 or*
9 sing® @  cos¢g® cosd® 9 . Y
— = —j— = _(p. e S cosg® sinf®*—,  (98)
Xy 0X1  r* sin@°¢ de r* at or*
. cosg® 9 singtcosd® I . . .. . . D
— =i = SQD 2 — —i sing® sing®—, (99)
X3 0Xo r* sin@c de r* 0T or*
. sing® o . .0
—=—i— = — —i cosp*—. (100)
X3 0X3 r* ot or*

Substituting the functiong = Ty y/'(¢ = T*glg'b/) and the derivatives (89)—
(94), (95)-(100) into the system (61), and multiply By = T (¢°, 6°, 0)(T* g=
T(¢°, 6°, 0)) from the left, we obtain

ToA singe 3(Tg ¥ ; sing® Ty hy") . Cosy® cost’ a(Tg 'y
2 T singe ap r sinf¢  de r a6
_cosg® coss® d(Tg ) (T y)

B 9 + 2 cosp® singt—9 "~

r at ar

cosg® 3(Tg_11ﬂ’) . cosg® 3(Tg_llﬂ') Sing® cosh® 3(Tg_llﬂ')
+TgA2 - - - +

r sing¢  ado r sinf¢  de r a0

 Sing° cosy® (T ")

+ 2 sing® sing®
r 0T 4

(T )

sing® d(Tgy")  singc a(Ty v Ty
X[_ r §9 ' g +2 cop*—2L " | xSy’ =0,
T

sing® (T g"v") ; sing* (T ') N COS¢° CcosH°

* A* _ - - - )
Tob1 |~ ginge EP) r singc  de r

AT 1 cosg® cosht AT 5 v AT g
X (Tg )— j OS¢ (Tg )+2 cosg® sine"M
a0 r ot ar*

cosg® AT 5'v') ,_cosg (T g"v) ,sing’ cosh®

+T* A3 . a .
972 singe a¢ r*singc  de r*
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AT V") sing® cosy® (T 5" v") (T g™y
x— 877 3Ny 9 77 1 2 sing® singc—2 "~
00 r aT ar*
Lo | singeaT g ) singe (T g ) 9 o™ g
g3 I 90 r 9t ar*
+I.Ccllﬁ/ — 0,

(101)
In virtue of the invariance conditions (80) we have

Tgl— A1 sing® + A COS(pC]Tg_l = Aq,

Tg[A1 COSp® COSO® + A; Sing® cosH® — Az siné)C]Tg‘1 = Ay,
Tg[2A1 cosp® sing° + 2A, sing® sin 6° 4+ 2A3 cos@‘:]Tg’l = 2As3,
Tgli Ag sing® —i A COS(pC]T§l =iAs,

Tg[—i A1 cosg® cosH® —i Az sing® cosh® +i Az sing°] =i Ay,

T gl—Aj sing® + A3 cosg®] T 5 = A,

T*g[AI COS¢® COSO® + A} sing® cosh® — A% sind®] T g =A%

T g[2A] cosg® sind® + 2A3 sing® sind® — 2A% cosi®] T g =A%,

T gli A} sing® +iA3 cosg?] T 3 = —iAj,

T g[—i A} c0Sg® cos° — i A} Sing® cos#® +i A% sind°] T ;* = —iA}

Taking into account the latter relations we can write the system (101) as follows

1 oTg'v) i 8(Tg ')
r singe '8 g rsinge L8 ge

1 _aTgy) A(Tghy") A(Tghy")
ATy —2 T AT —2 Tg——— 4+ k% =0,

ro28T o Aelg— T 2hsTg—yr—+«"Y

1 (T g i TGN

—— A - — A Tg

r*singc ap r* singc de
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x 0 I o i x 0 [’
1 (T g¥') I—A*Tg (Tail/f) (Tgl/f)+

*
+2A5Tg Y’ =

(102)

The matric:es'l'*l T* §1 depend om, ¢, 6, . By this reason we must differentiate

in T Ly, T ‘11p the both factors. After differentiation, the system (102) takes a
form

1 oy’ i w1y
A L A Sy WA
r sing¢ 3§0 r sing¢ de r 00
A oy’ 1 0Ty !
r 2t ar rsinge 118 dg
: (AT UL T VA Nl I
t singe M8 T ph2la T — pAeTa g v =0,
1 Y’ [ a1 Ay i oy
SNl S NN s S YNl SN
r* sing¢ g r* singc ade r* a0 r* T
. g | . g |
oy’ 1 « 0Tg [ « 0T
12A% ATT . AT 2
3 or+ r<singc L 9 gy r+singe 1 9 ge
L. aT 4t N aT o
e Te T A Te— Tl |9 =0,

(103)
ATt « 9T
Let us show that the producTg 89 | 9 are expressed via linear combi-

nations of the operato#s, B;, Ai , éi . Indeed, a matrix of the fundamental repre-
sentatiorg(e, €, 0, 7, 0, 0)= Tg(¢®, 6°, 0) of the groups ;. has a form (see (26))

9 i . . pc _ig®
T 003762 | S|n7e 2
g (p,€,6,7,0,0)= . . =
. . opc le” pc ¢
| SII’]EGZ cos7e 2

e [cosg coshl +i singsinhl] e 7* [cosy sinhE +i sin§ coshi]

—e ip

%" [cos sinh% +i sin§ coshl] e~z [cos} sinhg +i sing coshs]
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and its inverse matrix is
(e

ip ip

=< [ T P ain O i T =< 0 i T P ein @ T
ez [cos§ coshl +i sin§sinhs] —e~z [cos§ sinhS +i sin coshs]

e+i . . . e—i . . .
—e2"[cosg sinh% +i sing coshl] e7* [cosy coshd +i sing sinh}]

In accordance with (10), (14), and (11)—(13) infinitesimal operators for the funda-
mental representatignare

ifo 1 1fo 1 i 0
Al:_§[1 o]' AZZ_E[—l 0}’ A3:_E[o —i]

1o 1 170 i 1[-1 0

Then

o7 8(981)—1 _ % <2 é) _B, (108)

Further, a matrix of the conjugate fundamental representgtiore, 9, 7, 0, 0)=
'Fg((pc, 6°, 0) of the groups ., has a form

bo e i
T COS7e 2 —I Sln792
g (9€0,7,00=( "~ e

—isinfe"z cosGez

e—ig e—ig

0 T Ceinf ol T 0 T H H T
ez [cos§ coshl —i sin§ sinhi] e [cos§ coshi —i sing sinhi]

e—ig

ez’ [cos§ sin —i sin§ coshi] e72 [cos§ cosh —i sin sinhi]

and its inverse matrix is
~Ty\—1
(@) =
etip

e+i . . . — . . .
(ez'w [cos§ coshl —i sing sinhi] —e™z " [cos§ sinhg —i sing coshg]

e—ip

S 0 cint P ein T iy 9 T N R
—e 2 [cos§ sing —i sing coshi] ez [cos§ coshf —i sing sinhg]
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In accordance with (15) and (16) infinitesimal operators for the conjugate funda-
mental representatiagnare

. ifo1 . 1[0 -1 . 1[-i o
Al = -3 ’ 2 = s A3 = —— o,
2110 2|1 0 210 i
Bi=—-3 * =—>| . .|, Bs=—3 109
T2 [1 o} 2= 73 [_. 0] =5 [0 _J (109)
In this case we have
0@)™t i [ cost® i sing® . L
T _ _ . ! _ c c
a(ﬂ - 2 —i sind¢ —cospc) — A3 cost +A2$|n9 , (110)
0@ 1/(—coss® i sing® , e
g (g—ae) =3 <_i singc _C059c> = —Bs3 cos9® — By sin6®, (111)
o@D 100 i)
Ti —
50 2\ o) =Av (112)
@)™ _1/0 - ~
T _— - J—
or  —2\-1 o)=Bu (113)

It is easy to verify that relations (105)—(113) take place for any representation
g — Tg of the group® .. Substituting these relations into the system (103) we
obtain

1 Yy’ i w1 oy i oy

— AN —+ —— A — — —Ay— — -y
rsingc ~d¢ rsingc “de r "9 r ot

1 .
+2A3 o r_[_(AlAZ + A2A1) +i(A1B2 — A2B1)
+ cot9°(i A1B3 — A1A3)]1//‘, + Kcllf =0,

1 Yy’ i a1 9y i oy
Sl S NN L S YNl SRR
r* sing°c A r* sing°¢ de r* 00 r* 0T

*alﬁ/ 1 * N * N H D *D
+2A% o T r—*[(AlAz + A3A1) +i(A3B2 — A3B1)

+cotd°(i A{Bs — AJAS) Y + k¢ = 0. (114)

Now we are in a position that allows to separate variables in relativistically invariant
system. We decompose the each compom#pk)f the wave function) into the

series on the generalized hyperspherical functions. This procedure gives rise to
separation of variables, that is, it reduces the relativistically invariant system to a
system of ordinary differential equations. Preliminarily, let us calculate elements of
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the matriced/ = A1By — AyB1, U = AA; — A3A1, G = A1Ay + AA;, W =
ATBZ + AzBl-

First of all, let us find elements of the matNk= A;B, — A2B;. Using the
relations (69) we can writ¥/ = 2i Az + BoA; — B1A,. Let

Vé:llfm Z VI Ul m’m‘gl’:m’

I”,m’ k'

be an expression of the matifor the canonical basig, }. Taking into account
(62)—(64) and (14) we obtain

VER = (21 Az + BaAr — BiA2)gEK,
=2 Z Clk/,ll,(m’mé:ll/(,,m/ + B2 Z alk/lll,(m/mslif,/m B1 Z bIIm’mSI/,/m/

I,m Kk’ I,m' k' I",m',k
o Kk LK It K
=2i Z CI’I,m’m‘gl’ m + Z a1 I m’ m/sl/,m/—l - am’+1‘§l’,m’+1)

I, m' Kk’ I’ ',k

1 4

k'k
_5 Z I,m'm ( mgl ,m 1+O‘ +15I’m’+1)
1,m' k'

Dividing each of the two latter sums on the two and changing the summation index
in the each four obtained sums, we come to the following expression

LK i
Vglifmz Z Z <2ICIK’II,(m’m_ 2 lm’allm’ 1,m

I, k1 K

i , 1, v 1,
| k'k 1" kk'k I
+ Eam’+1ai/l,m’+1,m - Eam’ T,m—1m 2 +1bl T,m+1, m) EI’ m:

Therefore, a general element of the mawihave a form

k'k _ i ~Kk " okk I | k'k
VI’I,m’m - 2ICI’I,m’m - Eam’ai’l,m’fl,m + Eam’+1a1’l,m’+1,m
L bk LB
1"1,m — m+1~,m+1,m*

2

Using the formulae (62)—(64), we find that

Vi  mm = 16,0+ DVIZ—m?,
Vilvik, = icikm, (115)

K’k _ \/ﬁ
Viriimm = 'C|+1|I (I+1¢-m

All other elements/¥ . are equal to zero.
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Analogously, using the relations (70) and the operators (15) we find that
elements of the matrid = AJA, — ASA; are

Kk _ oKk /2 _ iR
Uliimm = G- 1|(|+1) 12 —me,

U {ukk = —c"»"m, (116)

I1,mm
ukk = V(I + 12 — 2.
i41,1,mm C|+1|

Further, using (68), (10), (71), and (16) it is easy to verify that all the elements of
the matricess = A1A;1 + A2A; andW = A}B, + A%B; are equal to zero.
The system (114) in the componeliﬁt#n is written as follows

1 w o Uy i w o vy
r singc Z L EP) * sinee Z A 5

I”,m' k' I”,m' Kk’
k., i Sy Yk,
__Zbll mm Im__zbhl’(mm m+22:¢II [ulu -
ik 3¢ U It ik ar
KK K k
Z S —cot9° Z M & Yim + €Y = 0,
Mk 1k
1 . 0 i w  OvK
_ Z gk Tl _ Z ik Wiy
r*singe o 1 g r*singe & 1M ge

4 Z bk 81/fl w1 Z b I/’| oy Z ki Wiy
11, mry r* . Iy 17, mnv ar*

I’ ke 17,k i,k

ki’ K -k
Z VII’ mry 1’hl T COIQC Z d”, miy Vi T KCl//im =0, (117)

I/ k' i,k

K'kpp 7 kk' kk'
wherethe coefficienta® I’ mnd, biK kv mm,d”,mm,, I,mm,f”,rm],

” oy are defined by the formulae (62)—(64), (115), (65)—(67), (116).
With a view to separate the variables in (117) let us assume

Yl = B0 () M (9, €, 6,7, 0, 0), (118)

wherédy > |, and—lg < m,n < lo. Substituting the functions (118) into the system
(117) and taking into account values of the coefficieafts,, 1, bl s S s

Kk ki’ K ki }
Vi dII iy & f”,mm,, u”/mm let us collect together the terms with iden

tical radical functions. In the result we obtain

ZCII 1{|:2V m28f| LK (|+1)V m2 f o lmk’]
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x Ml (@, €,0, 1,0, 0)+ \/(I +m)+m=1)F% 0

. | !
1 8imm in | imlnonn R 1n_35mr$1 Ln
sinf¢ g singc  de a0 ot
2i(m—1) coso® __
BT ¢(| —m)(—m=1)F%
! : lo | !
1 My, i 0Mpian T Mt 10 _ M1
singc  dp singc  0de a6 ot

2|(m+1)cosec af, v 1
+T9° m+1ni|}+z ” %_mel?m,k/

x MO (¢, €6, 7,0, 0)+ ¢(| +m)( —m+ D)%

1 8i);)’tm 1,n [ 39ﬁm in Bi)ﬁlr% 1,n ai):nlr% 1n
sing¢  dgp sinf¢  de a0 ot
2i(m— 1) cosp® __
—ange Tt o \/(I Fm+ 00— m) P
. | ! |
1 BDT(mH n i My, T M0 _ M 10
sing¢ 9o sinf¢  de 26 ot

2i(m+ 1) cos6°
sin 6¢

m+1n]} Zq,ﬁli[zmﬂ
_lmf|+lmk] lr%,n(‘Pi €,0,1,0,0)

1 b [
T 2 g / m—1,n
+ \/( —+ )(I + ) I+1,m—21,k |:S|n00 8@ sin 6¢
| ' ! [
e SURNLL STINEL SN TURE T
ae Y: 9T sin g¢
1 aMm? i
I+ m+ 1) +m+2)f | PR
+o \/( +m+ 1 +m+2) I+lm+1k[ sin6c  d¢ sin 6¢
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| | | .
Mmian mr%—!—ln n Mpan  2(M+1) COSH° io
de 90 ot sin §¢ m+1n

lo

, : aflo
+KkCf0 fmlon((p,e,e,f,O,O)=O,chklk1 2/iz — p2—=Lmk

ar*

1. — -
-+ 1iz2 - m2f:° 1mk,]m'n-‘;,h(so, €,0,7,0,0)

10MG .,
m)(i + m— 1f — . .
i)+ ALSTAEYY |: singc g sin 6¢
i i [ o -
MY L | oM L oM anr2|(m—1)_cos:(9C o
de 36 at sin §¢ m-1.n
i . i
- Ji—mi -l L v 1 Py
2r= I-Lm+1K | singe ag sinfc  de

D oo 2i(m+1 cosG

96 dT sin f¢
3 flo 1 _
i ik i
) ZmTT M f:om i | Maale,€,0,1,0,0)
1M .
mi —m+1 f m-1h '
+ )( + ) | m-1, k/ |:SII’1 9‘3 a(p S|n QC

asm',g,ln aa:rt',gln IME_L 0 2i(m — 1) cosd® ’ }
- - - m—1,n

de 30 ot sin 6¢
i .
1 7. R 1 Mo, i
—/(+m+D([ —m)f?° . - .
+ 2r*‘/( +m+1)( ) inivic [sin pc g sin g¢
afmlr%ﬂ h EKm'r?wrl n azm'r%ﬂ n 2(m+ 1) cose® io :| }
+ - LA

de 90 at sin ¢

C||+1 2/ + 17— PERAILEY. '*““k’ (i +1p7—m2fe o
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FOMG (9, €,0,7,0,00+ 5=/ — 1+ 1) — i+ 2)f

i+1,m—1,k
i . i i i
oL My g 0 Mg i My g M1
sing¢  dg singc  de a0 ot
2i(m— 1) cosé® ;. 1 \/i o DMl e 2
T ange Dmewn | T oV EMAEDOAMEDE, G
i . i i i
. 1_ OME 14 P ML 114 . OMD 110 B OME 14
singc  dg singc¢  Ode a0 ot

2i(m+ 1) cose®_ i ¢ o comio
Wmm+l'h +chimmmh((p,€,9, T, 0, 0): O (119)
Each equation of the obtained system contains three generalized hyperspherical

functionsdns,, Sﬁ'r%flyn, zm',;%n and their conjugate. We apply the recurrence re-

lations (56)—(59) to square brackets containing the funcﬂﬁhs_ in andi);n'nO1 1o

First of all, let us recall tha5,., ,(¢, €, 6, 7, 0, 0)= e+ Z | (6, 7) and
M1 ale, €,0,7,0,0)=e19zZe | (9, 7). Therefore,

Eh: Joo
7;;1'” = —in9M2,, 78”’51'” = —noM2, ., and
aimir%ilh el amir%:tlh s ol
X a(p = =1 nmr?lil,n’ 86 == _nmr%il,n'

Thus, in virtue of (57) the first bracket in (119) can be written as follows

I |

nesig) | %mein | 9Zman 20— (M —1) cosb®)_,,

e + - Zi1n
00 ot sin ¢ ’

= 20 \/(io + m)(io — m+ 1y, . (120)

Further, in virtue of (56) for the second and fourth brackets we have

I |
i gnletio) Zmi1n 4 Zpy1n  2(n—(Mm+1) cos6®) 1o
20 ot sin ¢ m+1.n

= 20\/(io + m+ 1)(io — o, . (121)
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Analogously, the third, fifth, and sixth brackets can be written as follows

— I I -
_| e—n(e-‘riqo) 8Zn91—1,r| - 8Zr'(r]]_]_,n + 2(n - (m - 1) COSQC) Z|0

90 ot sin g¢ m-1,n

= —2i lio + )0 — i+ 1.,

r | |
i eletio) 0Z0 10 : dZmi1n _2h—(m+1) cos@c)z|0
36 T sin 6¢ mLn
= —2i\/lio + M+ )0 — e, . (122)

In like manner, the square brackets of the conjugate (dual) part of the system
(119) can be rewritten as
i i . . .
_ i eile=i) Zj 1 i 0Zp1n _ 2(0—(M—1) cos6) i,
30 dT sin g¢ m-Ln

= 2i /(lo + m)(lo — M+ )M, (123)

for the seventh bracket (in virtue of the recurrence relation (59)) and

i |‘ . :
i eile=i) Zgan i 0Zs 1, 4 20— (m+ 1) cos6) i,
36 T sin 6¢ mLn

= 2i /(lo + M+ 1)lo — MM, (124)

for the eighth and tenth brackets (in virtue of (58)). Finally, for the ninth, eleventh,
and twelfth brackets we have
i i . . -
_ieNe-ig) Zg 1p | 0Zg 14 2(0N— (M — 1) COSQC)Zi_O _
36 dt sin 6¢ m-Ln

= 21 fllo + M)l — m+ D).,

i i . . .
—i efh(efi(p) azr%+1,h i 8Zr$1+1,r‘1 + 2(” - (m + 1) COSGC) Zi_g ]
30 T sin 6¢ mLn

= —2i\/(lo + m+ 1)(lo — MY, (125)

Let us replace the square brackets in the system (119) via the relations (120)—

(125) and cancel all the equations m’rgn (sm'rgh). In such a way, we see that
the relativistically invariant system is reduced to a system of ordinary differential
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equations:

k'

dflo, o
o, [2m7'a:‘"‘ D20yl )

Wl \/(1+m)(l+m 1),/ (o + m)io — i+ 1)f ;1)

+ VT = m= 2o+ i Do~ 1110

lo
+ 3 [ e 2l

——/(1+m)(l “mt Dy lo + m)io — i+ 1) ()

+ F\/(l +m+1)(1 — m)\/(io +m+ 1) — m)f:?m+1,k’(r)i|

- -\/(1 M0 = m+ 2/ (o + m)(io — M+ 1) 1%, 11 (1)

- —\/(I M+ D)0+ m+ 2y (o + 1+ 1) - m)f|+1m+1k(r)}

+«° f|mk(l’) =0,

qu |:2 /|2 | 1mk( ) _ ri*(l +1) /|2_m2f::0711m'k,(r)

K

+i_\/(i +m)(i +m-— 1)\/(|0+m)(i0—rh+1)f|°1m 1k(r)

+ J(l )i — 1 — 1)y/To+ m+ 1)o—m)fl° 1mﬂk(r)]

df'°mk() 1.

kk’ : i
+;Q’i |:2m dr* r* flomk()

= ri—*\/(i i) —m—1y/0o+ Mo —m+ D ()
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+ ri—*\/(i + M+ 1) —m)y/(lo+m+ 1) — m)f::f’mH’k/(r)}

lo

_ —dfe,
DI [w (42— e — T
k/

1. /- i
—I/( + 12 —mfe°
+r*\/(+ Y —m

i+1,m,k’ ()

- ri—*\/(i —m+1)( —m+2)/(lo+m)lo—m+ 1)f:°+1’m_1’.k,(r)

- ri—*\/(i + i+ 1) + e+ 2)/ o+ Mo —m+ DFP, (1)

+ikCfP (1) =0.
4. DIRAC EQUATIONS

Let us consider general solutions of the Dirac equations

Yy

0Xy

iy, — —my =0, (126)

where we take/-matrices in the Weyl basis:
__ [ o0 0 _ 0 o1
VO_(O —Uo)’ yl_(—()'l 0)’

_ 0 02 _ 0 03
Vz—(_az O)’ y3_<—03 0>, (127)

(19 == (0 %) = (6 )

are the Pauli matrices. In accordance with a general Fermi-scheme of interlock-
ing representations a$, (77), the equations (127) correspond to the following

interlocking scheme
1 1
(29— (o3)

By this reason a Dirac field is represented by-énvariant direct sum (12, 0) ®
(0, 1/2) and the equations (127) describe a massive particle with the spin 1/2. Itis
easy to see that-matrices for the Dirac equations have the structure (81), where

where
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*k

iA 2=o0j, A 2= —0; = 6; Therefore, in accordance with (82) tlematrices
i

for the Dirac equations in bivector space are

01 0 —i 1 0

A1 = 0100 = (1 O), Ao = 0900 = <| 0)1 A3z = 0300 = <0 _1) )
o~ 0 i . 0 1 -~ i O

A} = 6203 = (I 0) , AL =06301 = (_1 0) , AL =0102 = <0 —|> .

(128)

Itis easy to verify that matrices (129) satisfy the commutation relations (68)—(71)
with infinitesimal operatorgy, B, A;, B; defined for the fundamental representa-
tion of &, (see (104) and (109)).

It is obvious that for the representatiory21. 0)@ (0, 1/2) we can omitin the
system (126) the indek(k’) which numerates subspaces transforming within one
and the same representation of the gréup Further, assuming that, —1 =

c— 5 —1 c g—OWe reduce the system (126) to the following
dféf()‘%f%,%“) D 0t 0 -0
—%—i—%f'%’%(r)—l—l(l—kl) () +°f, () =0,
%_ 2? .%%( )= I(Irt%)fi%%(r*)JrK fl%%( =0
‘w 2 10 Hl) flp)+ET, 40 =0, (129
where ¢ = —im. If we suppose thatf'1 () =i 1"E :(r) and f'E () =

—i ', ,(r*), then the system (130) takes aform
2'2

df', . (r) (i
11 _|_1) | |
— - fl 1 cfl 1 =
dr r E'E(r)+K E'E(r) 0
dfl; () | |
2'2 _ c _
ar Tr @, 0=0
1) 141
(z-jrz* ( = ) %%( *)+ CfI% %( *)ZO,
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dfl L) |
e

* L) -kt () =0,

= Nie

11
22

[N [T

Multiplying the second and fourth equations of the obtained system by 2 and
adding the first equation with the second equation and the third equation with the
fourth we come to the following differential equations

dfly . (r) i_]_fl
r

35—+ ) —«f () =0,
dfl (") -1
322 ") — (r*) =0. (130)

NI

l
20

NI

dr# r %
Solutions of the equations (131) are expressed via Bessel functions of the half-
integer order:

ll
2'2

2
)—IZ( 1)K<f> PG+ k+ )3, (2V4E9),

o *)—Jr_*Z( 1)K(f> P +k+1)3, (2V&E), (231)

wherev = —(I —1),v = —( —1) andi = Z1,| = Z1s=0,1,2,.... The
Bessel function in (132) has a form

5 P (“1)(s+ 20)!
Jz(2) = \/; {S'”( ) 2 i - 2122k

sty (“1)(s+ 2K+ 1)
+ cos(z— ?) g T . (132)

1)l(s — 2k — 1)1(2z)%+1
In such a way, solutions of the Dirac equations have the form
yalr, 9,69 = s (M, (¢, €,60,7,0,0),
Ya(r, 9%, 6°) = —i fl%’%(r)fmé,n(w, €,0,0,0),
Yalr”, 67,69 = 1

1;0‘2([‘*, ¢C’ 90) =i .I:I1

2

(r*)sm'%’.n(q), €,0,1,0,0),

NI

(r)M, (¢, €,0,7,0,0),

1
2
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where

con=-—l,—-1+1,...,1;

S A=, =l +1,...,1,

o
M, (0.€0,7,0,0)=e72HIZL, (0, 1),

| 0 1 T +1k 1 0 kT
Z,, . (6.7)= cos = cosﬁ ZI tant2 tanH‘ 5

K—f'

SRS E 9)
sz1< |tan2—
+1ok41 2
n—I1+1,1-1-k T
><2F1< n—k+1 ‘tank?z),

L1a(0€,6,7,0, O)—e”Fz(““"”)Z' 6.0,

i . 0 1 T
| i——k ——k k
Zi;n(@' 1) = cod > cosi = E i tant: tanH1 >

k——I

X 2F1( %_j!%Jr_llir 1' i%tarf g)
x oF1 (h B l-h+_1f(i_1i —k ‘tanh2 %) .
5. WEYL EQUATIONS
Let us consider massless Dirac equations
iyﬂ% =0, (133)

where y-matrices have the form (128). Introducing projection operaRyrs=

(1 + ys)/2 and following to the standard procedure (see, for example, Bogoliubov

and Shirkov, 1993) we can split the equations (134) into two (Weyl) equations
1 A92 02

=0, — —o0o— =0, (134)
0Xo 0X 0Xo X
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where

¢1=:_L(1ﬂ1—1ﬁ3> ¢2=} Y+ Y3

2\Y2—va)’ 2\ Y2+ va)”

As known, the equations (135) describe the massless particle with the spin 1/2
(neutrino).

Let us find solutions of the equations (134). In this case, taking into account
(129) and (126), we come to a following system

dfy .(r) 4 i(i+32
212 -~ I1 1('.) ( +2) fI1 1(r)=0,
dr 2r 33 r 32
dfll () 1 |(i+l)
_ 2'2 _fl1 . 2 fI1 . -0
dr +2r E'E(r)+ r 3 E(r) ’
| *
dfly%(r)_i i (r*)_l(l—i—%)fI (=0
dr* 2 33 re 33 ’
dfh .0 1 (1+3)
_ 2'2 _fl1 ., * 2 fl11 *) — Q. 1
—drr T ﬁy_ﬁ(f )+ ——= M(r )=0 (135)
As in the case of the Dirac equations we [t (r) = —i f', ,(r), f\ ,(r*) =
2'2 2'2 2'2

—i fil . (r*), and reduce the system (136) to the following equations
12

3 %’% _fl1 . :0,
dr r zvz(r)
dfi; () g i
3 22 fl 1 * :O. 136
dr* + r* E’E(r ) (136)

Solutions of the equations (137) are
> 2
(1) = CoF 3 (-1 (—
e k=0

V3

(NI

2k
) T(k+ 1) +k +1)J; (2r),

fl

1
2

(NI

V3

wherev = —(I — 1),» = —(I — 1) and the Bessel function has the form (133).
Thus, solutions of the Weyl equations (135) are represented by linear combi-
nations of the solutions of the massless Dirac equations (134):

¢_}(1ﬂ1—1:ﬂ1> o _}(1//1—!-1:#1)
T2\ -’ 272\t )’

) 0 2 2k
(r*)=CJr* kZ;(—l)k (—) I(k+ 1M +k+1)J, (NF) ,
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where
’l/fl(r1 ¢C7 QC) = fll l(r)m|; n(wi €, 91 T, 01 O)y
2'2 2!
Ya(r, ¢%,0%) = —i f'y LM, (¢,€,0,0,0),
2'2 2"
1»0.].([. (0 QC) = fl% %(r*)mlgvh((p, €, 9! T, 05 0)|
.('pz(r*,()bc’éC) == %%( *)Dﬁl ((p,é 9 T, 0 0)
and
135
| = 5% % n=-l,-1+1,...,1;
135 . .
==, =, = n=-,—-1+1,...,1
22 "ETh LD

DJTI L J(@,€,0,1,0, 0)—eq[2(€+"/’)ZI (60.7),

L1000, =cod - cosﬁ'r |il‘ktani“k tanH‘kT
(0, 7) Z :

k_—I
+i 141,10k, ,0
X2F]_< 2 1 ' | taI"F —>
£I-k+1 2
h—1+1,1-1-k T
X2F1< n—k+1 ‘tanﬁﬁ)’

.1, ((@,€0,1,0, 0)—eq[2(€+"”)ZI 260,7),

_ i i T +1-k 1 0 kT
Lia0) = cos = cosﬁ Z| tan*z tanH1 5

2=
i’tarf — )

XZ&( ——|+11 i —
XzFl(n_|.+lfl_|_k‘tanﬁz).

—k+1
n—k+1 2

625
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6. MAXWELL EQUATIONS

In accordance with a general Bose-scheme of the interlocking representations
of the group® .. (76), the Maxwell field (1, O (0, 1) corresponds to a following
interlocking scheme

11
(1, 0) «— <§, E) «~— (0,1)
By this reason and in agreement with a de Broglie theory of fusion (de Brolgie,

1943) the Maxwell field (1, 0% (0, 1) is defined in terms of tensor products (1/2,
0)® (1/2,0) and (0, 1/2® (0, 1/2). Indeed, according to (6) the Clifford algebras,

corresponded to the Maxwell fields, at® ® C, andC, ® C,. The algebras

C; ® C;andC, ® C, induce spinspace®s ® S andS; ® S,. These spinspaces
are full representation spaces for tensor produgtg® 71 o andr, 1®To 1 In
accordance with (8) the basis “vectors” (spmtensors) of the spmsﬁa@&
andS, ® S, have the form

h=gle, P=tles’ H=fell P=fed

l=glosl, s2=tlgs? 2=t 2=t (137)
Further, the representations , ® 71 o andr, 1 ® 7 1 are reducible. In virtue
of the Clebsh—-Gordan formula

Ty ® Ty, = Z Tk.k

li—lal<k<liHo;li—ial<k<ks<ii+>
we have
Tio ® T10=T0,0 ® 70,1,

To1®To1 =T009D 701

At this point the spinspace®s ® S, andSz ® Sz decompose into direct sums of
the symmetric representation spaces:

Sz ® Sz = Sym gy ® Symz,g).
$2®S; = Syme,0) @ SYyMp,2)-

The spintensor§!?, £12 = 21 £22 and 11, £12 — £21 £22 obtained after sym-
metrization from (138) compose the basises of three-dimensional complex spaces
Symp,0) and Synp,»), respectively. Let us introduce independent complex co-

ordinatesF,, F,, F3 and |é 1 Ez, E3 for the spintensors** and f it (spinor
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representations of the electromagnetic tensor), wikere E; — i B; and Ei =
E; + iB;. Explicit expressions of the spinor representations of the electromag-
netic tensor are

fll~ A(Fy +iFp),
Tl,O f12 ~ 4F3,
f22 ~ 4(F1 +i Fz);

fii~4(|§1+i Ez),
. K
701y f2~A4F,,

12~ 4(F1+iFo).

In such a way, we see that complex linear combinatiérs E — iB and E =

E +iB, transformed withinry o0 and T 1 representations, are coincide with the
Majorana—Oppenheimer wave functions. At the beginning of 30s of the last cen-
tury Majorana (unpublished) and Oppenheimer (1931) proposed to consider the
Maxwell theory of electromagnetism as the wave mechanics of the photon. They
introduced a wave function of the form

Y =E—iB, (138)

whereE and B are electric and magnetic fields. In virtue of this the standard
Maxwell equations can be rewritten
. . -0
divyy = p, i roty =J+ 8_16 (139)
whereyr = (Y1, V2, ¥3), Yk = Ex — i Bk(k = 1, 2, 3). In accordance with corre-
spondence principle<id/dx; — pi;+id/ot — W) and in absence of electric
charges and currents the equations (140) take a Dirac-like form

W-—-a-p)y =0 (140)
with transversality condition
Py =
At this point three matrices
0 0 O 0 0 —i 0 i O
at=10 0 i), «*?=|0 0 0], &®*=|-i 0 0] (@141
0 -i O i 0 O 0 0O

satisfy the angular-momentum commutation rules

[aj, k] = —leiwa (i, k1 =1,2,3)
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Further, for the complex conjugate wave function

y*=E+iB (142)
there are the analogous Dirac-like equations
(W + a-p)y* = 0. (143)

In such a wayys (¥*) may be considered as a wave function of the photon satis-
fying the massless Dirac-like equations (Maxwell equations in the Dirac form are
considered also in (Moses, 1958, 1959)). In contrast to the Gupta—Bleuler phe-
nomenology, where the nonobservable four-poterfiglis quantized, the main
advantage of the Majorana—Oppenheimer formulation of electrodynamics lies in
the factthatit deals directly with observable quantities, such as the electric and mag-
netic fields (Esposito, 1998; Giannetto, 1985; Recami, 1990; Varlamov, 2002a,c).
It is easy to see that Maxwell equations in the Majorana—Oppenheimer form
can be mapped into the bivector spa&® At this point, for theA-matrices we
have

0 0 0 0 0 —i 0 i 0
Ar= [0 0 i], A,=[0 0 O, As=[-i 0 0],
0 —i 0 i 0 0 0 00
00 O 0 01 0 -1 0
00 -1], a3=(0 o0 o], ax=[1 0 o.
01 0 -1 0 0 0 0 O

A} =
(144)
Infinitesimal operators in the representation spacesSyrand Synp, ) take a
form
0 0 0] [0 0 1] [0 -1 0
Ai = |0 0 —-1f, A,=| 0 0 0|, As=|1 O Of,
0 1 0] | -1 0 0] 0 0 O
0 0 0 [0 0 i] [0 —i O
B= |0 O —-i|, Bp=|0 0 0|, Bs=|i 0 0},
0 i 0] |—i 0 0 |0 0 O
. 0 0 0] [0 0 —-1] [0 1 0
Ar = |0 O 1f, A,=|0 0O O], A3=|—-1 0 Of,
0 -1 0] (1 0 O] | 0 0 O
. 0 0 0] _ 0 0 —i . 0 i O
B = s|0 O if|, B =(0 0 O], B3=]|-i 0 0Of,
0 —-i O i 0 O 0 0O

(145)
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It is easy to verify that the matrices (145) and operators (146) satisfy the

commutation relations (68)—(71).
In the case of spin 1 the system (126) takes a form

| H i
22 - MAUED g WACED g 2o,
| _ _
degf(r) ~ rgflo,o(r) 3 '7\/2“:"'1) 0+ '7Vz|(r|+1) fl4(r) =0,
| | .
_2df1d_r1(r) RETR |\/2|E| +1)f'1,o(r)+|7v2|(rl+l)f'o,o(r)=°'
) Ly oy WA oy WAL D 1y 2,
A1) _ 21 oy WVATTD g y VAT D gy
dr r= = r# " r= ’ '
i * ) ; .
0 L e V2D ey
4 'ZI:# fhor*) =0, (146)

It is easy to see that in the system (147) there are two superfluous compo-
nents fy o(r) and f{, o(r*). The requirementy (1) = fg o(r*) = O gives rise to
fl_4(r) = fl(randf} _,(r*) = f} ,(r*)(itfollowsfrom the second and fourth
equations). Taking into account these relations we can rewrite the system (147) as
follows

| .
,0fia) 1 |\/2|(r| H)f'l,o(r):O,

dr Ffll'l(r)_
_2% F0 'zf@ o) =0,
2% ~ ri - iz:#filyo(r*) =0,
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Solutions of the system (148) also can be expressed via the Bessel functions of
integer order:

flar)=fi () =c i(—l)kz”r(k + (- +k+ 1)2VN) 13 2vF),
k=0

flof) = XX1N% 3)2XT(k + 1)I'(—I +k+1)

Jza+1
x (24/1) 3_j(2V7),

L) = 1L = 60 (- D2X T DI + K+ (V)
k=0
xJ.QJ_)

flolr) = Xxlﬂ% 32T (k + Dr(-l +k + 1)

JjﬁlT
x (2+/1%) 3 (21 %),

where

( 1)k Z\ —v+2k
@ = E:Fm+1w(v+k+1ﬂ:> '

k=0
In such a way, solutions of the Maxwell equations in vacuum are

Ya(r, ¢°, 0% = f1 ()M (¢, €,0,7,0,0),
Ya(r, 9%, 6°) = £ (M (e, €,60, 7,0, 0),
ya(r, %, 0% = £ (M, (¢, €,6,7,0,0),
Ya(r*, ¢°, 6% = £1 .M (0, €,6,7,0,0),
Ya(r™, ¢, 09 = Y (r)M (9, €,0, 7, 0,0),
Ya(r*, ¢%, 6% = £, (e, €,6,7,0,0),
where
1=1,2,3;, n=—I,—-1+1,...,1;
i =1,2,3 n=—i,—i+1,...,1,

My (0, €,60,7,0,0)= €7 HIZ, (0, 7),
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Z\ 1,6, 7) = cod - cosl‘?' ‘ Z 3k gttt 2 tanH‘ k

2=
0
i 2
tar? —
| 2)

(i1—|+Ll—|—k
x 2F1
szl<n_|+l’l_l_k‘tanhZ£>,

+1-k+1
n—k+1 2
0n,(go,e 0,t,0,0)= ZOn(G ),

Zy a0, 7) = cod - cosﬁ' ‘ Z i *tan* tanH1 k2

k——| 2
— —|I -k 0
X 2F1( ! +—1k]—-|- 1| k i’tarf E)
n—1+1,1-1-k T
X2F1< n—k+1 ’tanﬁi),

miil,h! ((pl €, 91 7, 01 0)= e:F(H—i(p)Ziil,h(g’ T)v

' 0 T~ L o
Zy (0, 7) = cos’ > cosi? % > iFtanttk > tanH“k%
k=—i

+1-0+1,1-1—k| 6
X2F1< ﬂ:l—k+l |2tar12§)

h—i+1,1-1—k T
X2F1< n—k+1 ’tanr?i),

Onv((pv6 0 T, 0 0)_ ZOn(e T)

i 0
Zy (0, 7) = cod > cost & Z i+ ank tanH‘ k!

2= 2
i2tarf = )

X2F1<—I+1 1—1 —
><2Fl(l’l—|—}-11 ‘t ani? & )

—k+1
n—k+1
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Moving further on the general Bose- and Fermi-schemes of the interlocking
representations (76) and (77), we can obtain in the same way solutions of all other
higher-spin equations in terms of the functions on the Lorentz group.
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